MATH 22005 Double Integrals in Polar Coordinates SECTION 16.4

Some double integrals are much easier to evaluate in polar form than in rectangular form. This
is especially true for regions such as circles and cardioids, and for integrands involving x? + 2.

Recall that the polar coordinates (r, #) of a point are related to the rectangular coordinates (z, y)
by the equations:

r? =a2% +y? xr =rcosf y =rsinf tanf = 2.
x

Polar Rectangle: is a region of the form R={(r,0) |a <r <b, a <0< }.

Change to Polar Coordinates in a Double Integral: If f is continuous on a polar rectangle
R given by
0<a<r<b a<6<p, where 0<f3—a<2r

//f(:r:,y)dA:/j/ff(rcos&,rsin@)rdrd@.
R

NOTE: this theorem says that we can convert from rectangular to polar coordinates in a double
integral by writing x = rcosf and y = rsin#, using the appropriate limits of integration for r
and 0, and replacing dA by r dr df.

then

EXAMPLE 1: Evaluate / / (x 4+ y) dA where R is the region that lies to the left of the y—axis
R

between the circles of 22 4+ y? = 1 and 2% 4 y? = 4.



EXAMPLE 2: Find the volume of the paraboloid z = 4 — 22 — y? above the zy—plane.

Theorem: If f is continuous on a polar region of the form

D=1{(r0)|a<0<8, h0) <r<hy(0)}

B rha(0)

//f(x,y)dA:/ / f(rcos@,rsind)rdrdd.
a Jhi(0)

D

then

EXAMPLE 3: Find the area enclosed by one loop of the four-leaved rose r = cos 26.



(.7:2 + y2)3/2 dx dy.

a  pyfa2—y?
EXAMPLE 4: Evaluate / /

—a JO0

EXAMPLE 5: Find the volume under z = 2 + y? and above the region D shaded below:

r = theta

r=1/2 r=1

Homework: pp 1044-1045; 1-21 odd, 29, 31



