ASYMPTOTIC STABILITY FOR 2 x 2 LINEAR DYNAMIC
SYSTEMS ON TIME SCALES

GRO HOVHANNISYAN

ABSTRACT. We prove asymptotical stability and instability theorems for 2 x 2
system of first-order linear dynamic equations on a time scale with complex-
valued functions as coefficients. To prove stability estimates and asymptotic
stability for a 2 X 2 system we use the integral representations of the fundamen-
tal matrix via asymptotic solutions, the error estimates, and the time scales
calculus.

1. MAIN RESULT

In this paper we study asymptotic stability of a system of linear dynamic equa-
tions on a time scale T, = T () (¢, 00) :

u¥ (1) = A(t)u(t), (11)
where 4V is the nabla derivative (see [6]), u(t) is a 2-vector function, and

_ (anu(t) aa(t)
At) = <a21(t) a22(t)> (1.2)
is a 2 X 2 matrix-function ld-differentiable on Ty.

Exponential decay and stability of solutions of dynamic equations on time scales
were investigated in recent papers [1, 10, 17,9, 11, 16, 8] by using Lyapunov method.
We use different approach based on integral representations of solutions via asymp-
totic solutions and error estimates developed in [3, 15, 12, 13].

Denote

TrA®) = an(t) + an(t), |A@D) = det(A(1)). (1.3)
A time scale T is an arbitrary nonempty closed subset of the real numbers. We
assume supT = oo.
For t € T we define the backward jump operator p: T — T by

p(t)=sup{seT:s<t}, forall teT. (1.4)
The backward graininess function v : T — [0,00] is defined by v(t) =t — p(t). If
p(t) < torv >0 we say that t is left-scattered. If ¢ > inf(T)and p(t) = ¢ then t is
called left dense. If T has a right-scattered minimum m, define Ty, = T — {m}.
For f: T — R and t € T}, define the nabla derivative of f at t denoted fV (¢) to
be the number (provided it exists) with the property that given any ¢ > 0, there is
a neighborhood U of t such that

[f(p(1)) = f(s) = FY(t)(p — )| < elp(t) — s (1.5)
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forall s e U.

The rest state u(t) = 0 of the system (1.1) is called stable if for any € > 0 there
exists §(T,€) > 0 such that if |u(T)| < (T, ¢) then |u(t)| < e for all t > T.

The rest state u(t) = 0 of the system (1.1) is called asymptotically stable if it is
stable, and attractive:

tlirgo u(t) = 0. (1.6)

To prove asymptotic stability we establish stability estimates for dynamic sys-
tem (1.1) by using integral representations of the fundamental matrix of (1.1) via
asymptotic solutions, and calculus on time scales [5, 6].

A function f :€ T — R is called 1d-continuous (Cj4(T)) provided it is continuous
at left-dense points in T and its right-sided limits exist (finite) at right dense points
in T. CF,(T) is the class of functions for which nabla derivatives of order k exist
and are ld-continuous on T.

Denote by Lj4(T) the class of functions f : T — R that are 1d-continuous on T
and Lebesgue nabla integrable on T.

Rf={K:T— R, K@)>0, 1-vK(t)>0, and K € Cyu(T)}. (1.7)

We assume that A € Ciq(Ts) and a12(t) # 0 for all ¢ € To.

The main idea of this paper is a special construction of the phase functions 6 o
of asymptotic solutions of non autonomous system (1.1).

From a given non-trivial function § € C%(Tw) we construct the function

_an() [ 00) \Y
O = 55 () .

Here and further in the text we often suppressed dependance on t for simplicity.
Assuming 1 — 2k(t)0(t)v(t) # 0 for all ¢ € T, we choose a phase function 6 (t)
as a solution of the equation:

TrA—v|A|—2k0

2 J—
vo7 — 201 (14 v8) + 20 + T oky 0, (1.9)
which is the version of Liouville’s formula.
If v > 0 then 6, is the solution of the quadratic equation:
1 1—vTrA+ v3|A]
0p=-+0+VvD, D=0 0. 1.10
1=, vD. + (1 —2kOv)v2 s (1.10)

If v = 0 then (1.9) turns to the linear equation:
!
20, —TrA+20(k—1) =061+ 06 —TrA+ 22 <9> =0,
0 a2
and in this case the function 64 (t) is defined from the formula
ara(t) [ 0(t) '  TrA(t)
0,(t) =0(t) — t) =0. 1.11
0 =0~ 2 (O 0 -0 a

Define auxiliary functions

(1.12)

€o, (1, to) €, (1, to)
Oa(t) = 01(t) — 20(¢t), W(t) = ((el_ail)ael(t,to) (92—a31)’e\92(t,t0) ,

a2 (t) a2 (t)
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—_o\VY
Hovj = 607 — 0;Tr(A) + |A] — ai2(1 — v8;) (a11a12]> . J=12 (113)

_ How(t) — Hous(t)

t) = 1.14
e Hov.

My = [[(1— v V)7L | 222 2, (1.15)
20 - €3—j

H H
Kt) = ¢ (|1 012Q0 1) 1y ), (4 + |FTo
0 0 a2

where || - || is the Euclidean matrix norm: [|Af = /37 ., A}, and €(t, to) is the

nabla exponential function on a time scale (see [10, 6]).
Note that 6, and 0> can be used to form the approximate fundamental matrix
¥ of system (1.1) in form (1.12).

+ O'|Q0|)] (t), (1.16)

Theorem 1.1. Assume a12(t) # 0, and there exists a non-trivial function 6 €
C2%(Tw) such that M; € R, 1—vTrA+v?|A|(t) #0, 1—2kvl(t) #0 for all
t e Ty, and

tlirg)@Mj (t,to) < o0, j=1,2. (1.17)
Then equation (1.1) is asymptotically stable if and only if the condition
. 0; — ai S .
lim [ 22— o, (t,to) =0, k,j=1,2 (1.18)
t—o0 a2 !

is satisfied.

Remark 1.1. If one can find two different phase functions 0;,j = 1,2 such that
generalized characteristic equations Hov;(t) = 0 are satisfied, then from (1.15) we
get M; =0, condition (1.17) disappears, and formula (1.12) with mentioned above
phase functions defines the exact fundamental solution of (1.1). Note also that for a
constant matriz A equations Hov;(t) = 0 turn to the usual characteristic equations
of system (1.1).

Condition (1.17) of Theorem 1.1 is complicated and it is very restrictive when
é\g]. (t,to)
€og_; (t,to)
1.2 we replace condition (1.17) by less restrictive and simple condition (1.19) under

some additional conditions.

one of functions has exponential growth as t — co. In the next Theorem

Theorem 1.2. Assume ai2(t) # 0, and ezists a non-trivial function 6(t) € CZ(Ts)
such that K € R}, 1—vTrA+v2|A|(t) #0, 1—2kvl(t) #0, for all t € T,
and there exist some constants § > 0 and o > 1 such that

tlggo ex(t,tg) < oo, (1.19)
2R[0;(1)] <v(®)16; (1>, j=1,2, teTw, (1.20)
11— v (TrA+ Qo) + V*(|A| + 6:Qo — Hovy )| > 8> 0, (1.21)

(0; —a1)(?)
a2

1+

‘gm j=1,2, te T, (1.22)
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tliglo |€9j (ta t0)| =0, j=12 (123)
Then equation (1.1) is asymptotically stable.

Note that if v = 0, then condition (1.20) turns to the classical stability condition
R[0;(t)] < 0. Condition (1.19) means that the error of the chosen asymptotic solu-
tion is small enough (compare with well known Levinson’s integrability condition
from [15]).

The next three lemmas from [1],[10],[17] are useful tools for checking condition
(1.23) .

Lemma 1.3. ([1],[10]) Let 0(t) be a complex valued function from Ciq(T) such that
1—0(t)v(t) #0 forallt € Teo.

Then
tlim é\@(t)(t,to) =0 (124)
if and only if
T
Log|1 —
lim m LL=POOG (1.25)
T—oo [y, pPN\v(s) -

The following lemma gives a simpler sufficient conditions of decay of nabla expo-
nential function

Lemma 1.4. (1],[10]) Assume 0(t) € C14(T), and for some € > 0

t

tlim R[O(s)|Vs = —oc0, if v=0, (1.26)
— 00 t(]
Vs
1—0v(t) >e®* >1, / =00, if v>0. 1.27
e r (1.27)

Then (1.24) is satisfied

Remark 1.2. [1] The first condition (1.27) for v > 0 means that values of 6(t) are
located in the the exterior of the ball with the center Vi and the radius Z—E :

and it may be written in the form
2R[0(1)] < v(1)]6(1)]?. (1.29)

Remark 1.3. In view of Lemma 1.4 conditions (1.20),(1.23) of theorem 1.2 can
be replaced by

1
b
Vs

> eg} , Ve =inf[v(t)], (1.28)

Vi

/00 c(ls) =00, for v>0. (1.30)
o V(s

2R[0; ()] < v(t)|0;(1)]?, t€To, Jj=1,2. (1.31)
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The scalar equation
zV (t) = 0(t)z(t) (1.32)
is called ezponentially stable if there exists a constant o > 0 such that for every
to € T there exist a N = N(tog) > 1 with
€0 (t, to)|| < N(to)e @) for >t (1.33)
If the constant N (to) from (1.83) can be chosen independent of to, then equation
(1.32) is called uniformly exponentially stable.

Lemma 1.5 ([17]). Equation (1.32) is exponentially stable if and only if one of
following conditions is satisfied for arbitrary t; € T :

T
log |1 — pé
~(0) := lim sup / lim (log |1 = pb(s))V's <0, (1.34)
T—oo 1 =11 Jy; P \w(s) -p
for every 7 € T : there exist t € T with t > 7 such that 1 — v(t)0(t) =0, (1.35)
where we use the convention log0 = —oco in (1.34).

Remark 1.4. In order to apply Theorem 1.2 for the study exponential stability
of dynamic system (1.1) one can replace condition (1.23) by the necessary and
sufficient condition of exponential stability of an exponential function on a time
scale given in Lemma 1.5.

2. FUNDAMENTAL MATRIX AND ERROR ESTIMATES
If we seek a solution of (1.1) in the form
u= Yo, (2.1)
then from (1.1) we get
UV + UV —pTVoV = AUy,
T(1 -0 V)Y = (AT — 0V,

or
oV (t) = H(t)v(t), (2.2)
where
Ht)= (1 - v V)"0 AV — UV)(1). (2.3)
Assume we can find an exact solution of an auziliary system
V() = Ai(t)y(t), t€ Tu, (2.4)

with a matriz-function Ay close to the matriz-function A, which means that condi-
tion (2.6) below is satisfied. Note that if A= Ay then H =0 and (2.6) is satisfied.

Let U(t) be the fundamental matriz of the auxiliary system (2.4). If the matriz-
function Aj is regressive and ld-continuous then W(t) exists ([6]). The solutions of
(1.1) can be represented in the form

u(t) = U(1)(C + =(t)), (2.5)

where u(t),e(t),C are the 2-vector columns: u(t) = column(uy(t), us(t)), e(t) =
colomn(eq (t),e2(t)), C' = colomn(C4, Cs), C; are arbitrary constants. We can con-
sider (2.5) as a definition of the error vector-function e(t).

In [12; 14] was proved the following
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Theorem 2.1. Assume there exists a matriz function ¥(t) € C}(Ts) such that
|H| € Rfd, the matriz function W —vW¥Y is invertible, and the following exponential
function on a time scale is bounded:

> Log(1 —p||H
eu| (oo, t) = exp/ lim og(1 — Pl H(5)[)Vs < 00.
t pN\w(s) -p

Then every solution of (1.1) can be represented in form (2.5) and the error vector-
function e(t) can be estimated as

le@®Il < ICII (€ (00, t) = 1), (2.7)

where || - || is the Euclidean vector (or matriz) norm.

(2.6)

To find the fundamental matriz function let us seek solutions of equation (1.1)

uY = ajuy 4 aroun,  uy = asiug + agusy, (2.8)
in the form
up(t) = Chey, (t,to) + Caey, (t,t0), (2.9)
where
ep, (t, to) = exp (/t lim LOg(l_pej(T))VT) , j=12. (2.10)
to PN\V(T) —-P

By differentiation
uy = C1018, (t, o) + Cabaes, (t, to), (2.11)
and from (2.8) assuming a12 # 0 we get

v
Uy —ailuy

Uy = ai = 01U1€91 (t,to) + 02U2a92 (t,to), (212)
12
01 — 0y —
[j—1 _ 1 a’ll’ U2 _ 2 all, (213)
a2 a12
and
u(t) = W), (2.14)

where the fundamental matriz U(t) of system (1.1) is defined as

é\91 (tatO) ,é@z (tvtO) 1 1 é\91 (tvtO) 0
U(t) = ~ 2 = ~ . (2.15
®) (Uleel (t,t0) Usen,(t, to) Ui U 0 e, (t,t0) (2.15)

Denote
v
B; = (an — 0;)(1 — uej)[g = a15(1 — v8;) (a”a;ej> . i=1,2, (216)
then from (1.13) we get
Hov; = E; — B;, E; =07 —0,Tr(A)+|A], j=12. (2.17)
where E; is usual characteristic polynomial of (1.1).
Lemma 2.2. Assume aj2 # 0, 1 —vTrA+ v2A| # 0, 1—2kvf # 0 for

allt € Too, ¥ € Ci(T) is invertible and nabla differentiable. Then following
formulas are true:

W ()] = det[(1)] = —j—iael (£, to)ean (. o), (2.18)
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Bs — B; B Hov, — Hovs
91+027TTA+ 29 = 29 ,

v —1/4\ _ ail ai2
PEOYTY) = (Ql +azn Qo+ a22> ’

where

_ A2U2 — A1U1 _ (A1 — AQ)UlUQ

Qo = U, U, az, Q1= Uy U, — a1,
or
H —H U H —UsH H
QO _ ov1 0’[)27 Ql _ 141 0V9 211 0V _ ov1 _ U1Q07
20 20 a2
1 —Hov; —%Hovg
1

THAY — OV (t) = — | 4
( )® 20 Z%Hovl Houvy

TrA —v|A| = 2k0 + (01 + 02 — v6,162)(1 — 2k0v).
Note that (2.24) is the version of Liouville’s formula.

Proof. From (2.13) we have
0y — 6 20
Up—Up= 2—1 = -,
ai2 ai2
and formula (2.18) follows from (2.15) and (2.25).
From (2.15) we get the inverse matrix

v = ﬁ (l/gelét7t0) 1/3920@,150)) (Uzj'l 11>'

Formula (2.19) follows from (2.17).
From the time scales calculus we have

(ab)¥ =aVb+bVa—vavbY, agvj (t,to) = Ojep, (t,t0)-

Nabla derivative of the ¥ matrix function is given by the formula

A R AN R B
v (t)_(AlUl A 0 en(tito))

where
(Ujep, )Y Uy B, ‘
A=—L752 —pg. 4+ L (1—1vh,)=0, — J =1,2.
J Ujég, it U; (1= vb;) =6, a12U;’ =0

Formulas (2.20),(2.21) are proved by direct calculations:

v 1 1 01 0 U, -1
VO = g (AlU1 A2U2) (—U1 1 ) =
1 < 0.U; — 02U 0 — 0, )
Uy — Uy \(AM1 —A2)UhUs AUz — AU
From (2.13),(2.17) we get

ai1 a12

U2E1 - U1E2 o (02 - au)(G% - 91T7’A + ‘AD - (91 - an)(Gg — GQT’I”A + |AD

N (Q1 +az Qo+ ax

).

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

26 20a,2
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au(é'% — 9% + (91 — 92)TTA) + 9192(61 - 92) + |A|<92 — 91) _ _i
200,12 a12’

where
P = |A‘ + a11(91 + 6o — T?“A) — 010-. (2.28)
Further we prove formulas (2.22):

(A1 — A2)U1Us ByUy — B1Usz \ UrUzasz
Ql +an U2 - U1 + CL12U1U2 —26
U Usays — BoUi = BiUs (a1 —01)(62 —an)  BoUy — BiUp _
20 a2 20
|A| — 9192 + 011(81 —+ 92 — a1 — (122) UQ(El — HO’Ul) — Ul(EQ — HO’UQ) o
+ a1 + =
a2 20
- UlHOUQ — U2H0U1 UgEl — U1E2 - U1H0U2 — UQHOUl
Sap ot 20 * 20 - 20 + a1,
and
AUy — MU;  ayy — 0o Bo aj; — 04 B
QO + a2 U2 - U1 20 2 U2a12 20 ! U1a12
(11192 — 05 — a1191 + 0% + B2 - B1 -
20 20
By, — B H —H
=agp +01+0,—TrA+ 220 - = 01}129 P2t ags,

in view of (2.19).
For j = 1,2 we have

2 = 2 2
from which formula (2.23) is deduced:

pi(aw — gV < G2 [ TG @ e Qola) 2
20\ (Q1+ QoUl)@ Q1+ QoUs

U H —UsH H —H U; Hov;
a2 Q1+Q0Uj)—a12( 1Hovsy 5 0v1+( oy ovg) J): 209113’

€p
1 —Hovy, —=2Hovy

- . €91
e
20 %Hovl Hovs
2

Formula (2.24) is proved by using the well known Liouville’s formula for (1.1)
(see [6], Theorem 3.9.4):

v ()Y
=TrA(t) — v|A(t)], 2.29)
i = TrAW) — A (
or in view of (2.18):
iz (Gerer v =TrA—v|A|
96162 ai12 ’

From this formula using notation (1.8) we get formula (2.24):
\Y ~ v SN
rra-ia= (L) G2y Gute) (0 ) anltn)l
a2 6 €6, €6, a2 0 ey ep,
/e\el/e\ez)v

2k6 + %(1 — 2k0v) = 2k0 + (01 + 02 — v0162)(1 — 2k6v).
€0, €0,
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d

Proof of Theorem 1.1. First note that from the assumption M; € R, it follows
that the exponential functions exy, (,%o) exist ([6]). From assumptions 1 —vTrA +
V2 A|(t) #0, 1—2kvl(t) # 0 it follows that 1 — v6; # 0 and the exponential
functions ey, (¢, 1) exist.

Consider system (1.1) or equivalent system (2.2). From (2.3), (1.15) and (2.23)
it follows that ||H| < [[(1 — v~ 1OV) 1WAV — UVY)|| < mazj_12|M;|, and
from condition (1.17) of Theorem 1.1 it follows that condition (2.6) of Theorem 2.1
is satisfied. Applying Theorem 2.1 we obtain representation (2.5) for the solutions
of (1.1) and estimate (2.7) for the error function . From (2.5),(2.7) we get the
stability inequality

()] < const||(#)]. (2.30)

From (1.18) it follows ||¥(¢)|| — 0 as t — oo, and using (2.30) we obtain asymptotic
stability of (1.1).

O

Lemma 2.3. If conditions of Lemma 2.2 are satisfied and for some number o > 1

Gj —ai

1+ <o, j=1,2, teTu, (2.31)
a12
1w = (1 vRBD2+ (86])2 > 1, j=12 teTw (232
Then
1@ (s)]| < const, (2.33)
lw@uis) <o @2 oy (2.34)
=Y |0 =0 '
Vor—1 Hov,
[A =TT < [Qo| + |@1] < s + 0|Qo. (2.35)

Proof. From (2.32) it follows that the functions [ep, (t,%0)], j = 1,2, are non-
increasing.
Indeed, if v > 0 then from (2.32) it follows that

Log|1 — v(t)0;(1)]

<0, 2.36
—v(t) - (2.36)
so the functions
¢
- . Log|1 — pb; .
e, (t,to)| = exp </ lim MVT> , j=1,2
to PNV(T) -p
are non increasing.
If v = 0 then the functions |y, (£, %9)| are non-increasing in view of
€y, (t,t0)|Y  [eo, (t, to)|
€0 (t, t0)|  [eq, (£,t0)]
Because the functions |y, (t,%0)|, j = 1,2, are non-increasing we get
. . ey, (£, to)
(. t0)| < (60 (o, to)| = 1, i <1, t>s>t. 2.38
ea; (t,to)| < [es, (to, to)] 0. (510) | = > 5 > to (2.38)
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From condition (2.31) it follows that |U;| < C' and inequality (2.33) is true. In-
equality (2.34) follows from the formula:

1
POT(s) =
WY = T =
€o. (t,t €0, (t,t €o, (t,t €o, (t,t
Fetr Uale) — BT i) Jufi

(t,t0) (t.to) , :32(5 o) o Ei f°§ - (2.39)
Zel U1t Va(s) — :92 5 U1(s)Ua(t) 292 SUa(t) — ool 1, (t)

S to S to S t() 691 (S to)

Further using (2.20),(2.22) we get estimate (2.35):
Hov
L~ U1Qo “+0|Qol- (2.40)

O

1A = TVOTH] < 1Qu] +1Qol =

Hov
+ Qo < ‘
a2

Lemma 2.4. If conditions of Lemma 2.3 and (1.21) are satisfied then
1w H ()W ()| < K(s), s € Too[ \lto, 1], (2.41)
where K (s) is defined in (1.16).

Proof. Denote

— 71V*1——1/V*1——y_y00
Q) =1 —vP TP (s)=1—-vPV P " =1-vA (Ql QO). (2.42)

12 <1+ v(All +1@1] + Qo)
12 < T+ w((lA]l + @] + |Qol),

where 2 is the adjoint of the matrix 2.
Using (2.22) we have

Hov
a11Qo — a12Q1 = a11Qo — a12 ( a121 - U1Q0> =0,Qo — Hov;. (2.43)
From (2.20) we get
1—va —va
det(Q)| = |det[l — vUV O] = |det 1 12 =
[det(Q)] = |det(1 v l ‘ |:_V(Q1 +ag) 1—v(Qo+ az)

1= v(Qo + TrA) + v*(JA] + anQo — a12Q1)].
In view of (2.43)
|det(Q)| = |1 — v(Qo + TrA) +v*(|A| + 61Qo — Hovy)|,
and from assumption (1.21) we have
|det(2)| > 3 > 0. (2.44)
Further

10—t = [ _ 1+ v(lAl+[@i] +1Qol) _ 1+ v([All +|Qo| + @)

|det(Q)] |det(€))] - B

and using (2.34), (2.35) we get

[ H ()P~ ()] < [@E)T ()] - 01— oY) A = IV TTH]|(s) <

alg(s)
0(s)

<C

TA-UT)() < O[22 | (1Qu+ QoD (1 +w AN+ 1Q1 +1@o )
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a12(s) ( H0v1|) ( |H0v1|>
<ec o + 14+ v(]|A]| +0o + = K(s).
= 9(3) |Q0| |a12| (H H |QO| |Cl12| ( )
O
Lemma 2.5. [5, 12] Assume y, f € Ciq(T), f,y>0, K eR}. Then
t
y(t) < f(¢) +/ K(s)y(s)Vs forall te€ Ty (2.45)
to
implies
¢
y(t) < f(¢) —|—/ ex(t,p(s)K(s)f(s)Vs, forall te Tw. (2.46)
to
Proof of Theorem 1.2. By integration from the system (2.2) we get
t
v(t)=C +/ H(s)v(s)Vs. (2.47)
to
Multiplying this representation by ¥(¢) we have
t
U(t)o(t) = T(t)C +/ U(t)H(s)v(s)Vs, (2.48)
to
or using notation u(t) = ¥(t)v(t) we get
t
u(t) = ¥(t)C +/ U(t)H (s)¥ ! (s)u(s)Vs. (2.49)
to
In view of (2.41) we get
t
u@®)] < @ +/ K(s)[u(s)[[Vs. (2.50)
to
Using Gronwall’s inequality (2.46) to (2.50) we get the stability estimate
t
[u(@®) < [T +/ ex (b, p(s)) K (s)[¥(t)C|[Vs, t € Te. (2.51)
to
From (1.22), (1.23) it follows that
tlim | ()C| =0, (2.52)
so for any € > 0 there exists ¢y such that for t € T, we have
[w@C| <e. (2.53)
Hence it follows from (2.51)
¢
lu@®)|l =¢ (1 +/ EK(t,p(s))K(s)Vs> , teTw. (2.54)
to
Further
t
/ Cxe(t, p(s)) K (5)V's = Exc(toto) — Exc (1), (2.55)
to
and so
lu(t)|| < eex(t,to) < Ce, (2.56)

from which we get asymptotic stability of dynamic system (1.1).
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Example 2.1. Consider system (1.1) with

0 1 b a
A=|"_ |, g=—, p=-, ty>0, 2.57
{_q _p} (=4, P= (2.57)
a b
TrA=-p=—-—, |Al=q¢=_.
p tp

From (1.15) it follows that if exist two different phase functions such that gen-
eralized characteristic equation (see (1.18))

/AN
Hov(t) = 0% — 0Tr(A) + |A| — a12(1 — v0) (an ) =0,
ai2
is satisfied, then M; = 0,7 = 1,2 and condition (1.17) of Theorem 1.1 disappears.
For the Euler system (1.1) with the matriz A(t) given by (2.57) this equation
turns to

0(¢) b
Hov(t) = 0%(t) + 2 + 4+ (1 — w(1)0())07 (t) = 0. 2.58
(1) = 0%() + S0 + s+ (L= w07 () (258)
Solution of this non-linear Riccati equation we seek in the form
A
0(t) = 7
In view of
v t62
) L =i plr), 02— 6T, =

o) p(t)’ o

characteristic equation (2.58) turns to
M—(1—-aA+b

o) !

Hou(t) =
or
M —(1-a)A+b=0,
which is the usual characteristic quadratic equation with solutions

1-a (1—a)?

= :t =
Ma=—gm kA A 1

—b. (2.59)

Choosing the phase functions
s
0,() == J=12 (2.60)
we have
Hov;(t) = M,(t) = 0.
Well known exact solutions of the Euler system can be constructed by using the
phase functions (2.60).

So condition (1.17) is satisfied and from Theorem 1.1 it follows the trivial result
that system (1.1) with matriz A(t) defined by (2.57) is asymptotically stable if and
only if the condition

lim 05718 (t,t) =0, k,j=1,2 (2.61)

t—oo

s satisfied.
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Example 2.2. Consider system (1.1) with

0 1
A= .t _a |, to>0, (2.62)
p(t)(t2+1) p(t)
a tb

TrA=——, |Al=———.
o = onee

For this system we can’t solve generalized characteristic equation
ad(t) th

o) @)
Anyway choosing phase functions by formula (2.60), the same way as in Example
2.1, from (1.13) we get

Hou(t) = 62(t) + (1= w88 (1) = 0. (2.63)

A+ (a—1)) b tb b
H (1) = g J —+ A = — =+ = — s
ovi(f) " A="00 T ® = hoaTe)
Hovy — Hovy CHov, C
= = K(t) < . 2.64
o 20 0. K= ’ 0 |~ tp(t)(1+t2) (2:64)
Condition (1.21) turns to the condition:
atv(t) + b2 (t) ‘
————=|>06>0, forall teTx. 2.65
0 (2:65)
Condition (1.22) is satisfied and conditions (1.30), (1.31) turn to
v(t), . o /°° Vs )
2R\, —|A; — = =1,2. 2.
%[ J] < t | ]| ’ " l/(S) 0, J ’ ( 66)
Using estimate (2.64) one can simplify condition (1.19):
L C
tll{go €K, (t,to) < 00, KO = % (267)

So from conditions (2.65)-(2.67) in view of Theorem 1.2 it follows the asymptotic
stability of system (1.1) with matriz A(t) as in (2.62).

Note that of v(t) = 0 conditions (2.65), (2.67) are satisfied and (2.66) turns to
3%[/\]] < 0.
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