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We establish a new asymptotic theorem for the nth order nonautonomous dynamic equation by its transformation to the almost
diagonal system and applying Levinson’s asymptotic theorem. Our transformation is given in the terms of unknown phase functions
and is chosen in such a way that the entries of the perturbation matrix are the weighted characteristic functions. The characteristic
function is defined in the terms of the phase functions and their choice is exible. Further applying this asymptotic theorem we prove
the new oscillation and nonoscillation theorems for the solutions of the nth order linear nonautonomous differential equation with
complex-valued coefficients. We show that the existence of the oscillatory solutions is connected with the existence of the special

pairs of phase functions.

1. Introduction

Consider an ordinary nonautonomous differential equation
of the nth order

L) = Ya, 04 (0
j=0 @

=0, t>ty a,=1,

with complex-valued continuous variable coefficients aj(t),
j=0,...n—-1

A solution of (1) is said to be oscillatory if it has an infinite
sequence of zeros in (t,, 00) and nonoscillatory otherwise.
Equation (1) is said to be nonoscillatory if all nontrivial
solutions are nonoscillatory.

Oscillation theorems for ordinary differential equation of
the nth order in the case of real variable coefficients have been
studied in many papers (see [1, 2] and references therein).
To the best of the author’s knowledge the oscillations of
the solutions of nonautonomous nth order equations with
complex coeflicients have not been studied yet (except [3]).

Let Ck(to, 00) be the set of k times differentiable functions
on (ty,00) and L,(fy,00) the set of Lebesgue absolutely
integrable functions on (¢, c0).

To consider the case of complex coefficients we are using

asymptotic solutions of (1) in Euler form u(t) = el 75
Define the characteristic function of (1) depending on a phase
function f;(t) € C" ! (ty, 00)

Chy (0 = Jo O L (o 1) o1 @)

By direct calculations for j = 1,2,...,7n we get

n+1

Ch;(8) = ) fi; (B @y (1)
k=1

= furrj B + fujany (0) + -+ fria0 () + frja0 (£) 5
€)

where

d
fHi®)=1, S () = (E + f; (t)>fkj ®),

k=1,23,...,n

(4)



For example,
Li® =0,  f;0=fO+f0,
fo O = F] ©+3ff; 0+ f] @)

Define the auxiliary square matrix F(t) with the entries f;(t)
(see (4))

©)

F@) = |10, -, (©)

and denote by Fj(t), j = 1,...,n the (n, j) minors of the
matrix F(t).

2. Main Theorems

The basic method of this paper is a new version of Levinson’s
asymptotic theorem (see [4, 5]).

Theorem 1. Assume there exist complex-valued functions
fi®) € C" !ty 00), j = 1,2,...,n such that for all t > t,
expressions R[f;(t) - fi(t)], 1 < k < j < ndo not change a
sign; that is,

R[f;0)-fi®]<0 or R[f;(1)- fi®)] =0,

(7)
I<k<j<n, t>t,
JOO F;(t) Chy (t)
—— — "|dt < o0,
t F, ()
8
i=1,2,...,n-1, ®)
k=1,2,...,n,
Fo(t)
+ () +a,_, ) =0, t>t, 9
A0 j;f] ! 0 ©)
where characteristic functions Chy(t), k = 1,2,...,n are
defined in (2), (3), and
F, (t) = det (F (t)). (10)

Then solutions of (1) may be represented in the form

tll)ngosj =0,

u(®)=Y¢;)(1+¢1)C;,
j=1 (11)

where

t
@;(t) = ejfo ff(s)ds, i=12,...,n (12)
Note that condition (9) is the well-known Abel’s identity
that is satisfied if (12) are exact solutions of (1).
Theorem 1 means that the error functions g(t) —
0 ast — oo if the weighted characteristic functions

Fj(t)Chk(t)/FO(t) are absolutely integrable in (t,, 00).
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In Theorem 1the weighted characteristic functions are the
entries of the perturbation matrix from Levinson’s Theorem
(see Remark 18 in Section 3).

Note that the error functions ¢ j(t) in representation (11)
may be estimated via the characteristic function (see, e.g.,
Theorem 2.2 in [6]).

Theorem 1 may be used also for the applications men-
tioned in [5], the stability theory, and the Dirac equation with
complex coeflicients (see, e.g., [6-8]).

We will say that (1) has the asymptotic solutions ello 11045

corresponding to the phase functions f;(t) € C" ! (t,, 00),
j=12,...,nif (7)-(9) are satisfied.

Theorem 2. The asymptotic solution of (1) (corresponding to
the phase function f(t)) generates the oscillatory solution of
(1) if there exists another asymptotic solution with the phase
fj(t) such that

R[fi®)-f;®] =0, (13)

and one of the following conditions is satisfied:

S+ f0]=0,
o 00 (14)
|, Sl®ld=co o | S[f0]de=—co

fo S[fi)-f;®]dt =00
' N (15)
or |8 [fi0- f0)]dt = oo

The interesting question is to obtain the converse of
Theorem 2.

Conditions (13) and (14) mean that the phase functions
Ji(@), f;(t) are complex congugate. For the equations with
real coefficients the complex phase functions appear in
complex conjugate pairs. But for the equations with complex
coeflicients this is not true.

Since every solution of (1) with the constant complex
coefficients (without repeated characteristic roots) is the
linear combination of the exponents, in view of Theorem 2,
the following questions arise.

Question 1. Describe the complex numbers z,, z,, . ...
that

, 2z, such

e 1 =0, (16)

Question 2. For which complex constant coefficients a;, j =

0,1,...,na polynomial Z;;O ajzj, n > 2 has at least one pair

of complex conjugate zeros with nonzero imaginary parts?

Question 1 is complicated in the multidimensional case
(see [9]), but by the substitution e’*' = €' + ¢* one can
reduce n dimensional equation to the two equations: (n — 1)-
dimensional *' +¢% +---+¢€°2 +¢’»! = 0 and 3-dimensional
eln1 = Pl 4 o%n
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For the two dimensional case there is a simple answer to
Question 1:

el +e”? =0 (17)
if and only if
(AR [z, -2]=0,
Sz, - z,] = (1 +2k) 7, (18)
k=0,+1,42,....

One can answer Question 2 for quadratic, cubic, and
quartic equations with the complex coefficients since the
simple formulas for solutions are available for these cases (see
Remark 14, Theorem 15 below).

Theorem 2 shows that the oscillations of the solutions
could be produced not only by the complex conjugate phase
functions, which one can see from the following example.

Example 3. The equation

3+4i

45 + 40i
w2 ®

3+4i ,
3 16t4

4" + u (1) +

u()=0
(19)

is oscillatory, but there is no complex conjugate pair among
its phase functions with nonzero imaginary parts:

5-2i

f2(t): ot >

1+2i

fl(t): 2t >

(20)

1 5
fa(f)zzy f4(t)=E-

t
Note that uj(t) = ejfo fj(s)ds, j=1,2,3,4are exact solutions of

(19), u, (t) — u,(t) is an oscillatory solution of (19), and (13),
(15) are satisfied.

Example 4. If r(t), ¢(t) € [0,m) are a real-valued Cz(to, 00)
functions such that

n
(@) e e Ly (t00), (D)
then the equation
J O+ Eum) =0 (22)

is oscillatory if and only if
(6]
p() =0, J r(s)ds=o00, t>t, (23)
tO

The following theorem is inspired by the asymptotic
theorems for two-term differential equation from [10, 11]. We
deduce it from Theorem 1 by choosing the phase function
fx(t) as an approximate solution of the characteristic equa-
tion Chy(t) = 0 (see [10]):

a _(n-1)d ®)
fi () =ba(t) T

Note that Theorem 1 may be used to obtain other oscillation
theorems by taking different approximate solutions of the
characteristic equation (see [10, 12]).

, k=12,...,n. (24)

Theorem 5. Assume there exists a complex-valued function
a(t) € C""l(to,oo), a(t) #0, and complex numbers by, k =
1,2,...,nsuch that

by+b,+--+b,=0 (25)
R [(bk - bj) a (t)] do not change a sign on (t,,00),

1<k<j<n,
(26)

t
G-/ t) e—bk Lo a(s)ds

I,
(27)

xL (a(lfn)/z (t) % L a(s)ds) dt < oo,

k=1,...,n,

the set {bea(t)};_, contains a set S = {ba(t)};, of r pairs of
complex conjugate functions, and

Jms[bka(t)]dl‘=ioo, k=1,... m<r, (28)
to

<00, k=2m+1,m+2,...,2r. (29)

fo S [bea ()] dt

Then (1) with a,_, (t) = 0 has 2m oscillatory and (n — 2m)
nonoscillatory linearly independent solutions.

By taking a(t) = 1/t from Theorem 5 we get the following
corollary.

Corollary 6. Assume that for some complex numbers by,
b,,....b,, the set {bj};‘:1 contains a set S = {bj}irzl of r pairs
of complex conjugate numbers, and conditions (25), (26),

S[y] #0, j=1,....2m,

(30)
S[bj] =0, j=2m+1,...,2r,
O
2 1T n+1-2
+ Zaj OYi JH (bk+ Tp> € L, (ty, 00)
j=1 p=1
(31)

are true for all k = 1,2,...,n. Then (1) with a,_,(t) = 0 has
2m oscillatory and (n—2m) nonoscillatory linearly independent
solutions.

From Corollary 6 follows the well-known result.

Corollary 7 (see [1]). Assume that conditions

o0
n—1-j P = —
L " a; (0)|dt <00, j=0,1,2,..,n-2  (32)

0

are satisfied. Then (1) with a,_, (t) = 0 is nonoscillatory.



For the fourth order equation we deduce the following
result.

Corollary 8. Assume that for some real number € > 0 and for
the fixed number j from the set {0, 1, 2}

972 —15j + 18 — 2/*1¢?
! : €L, (ty,00),

3-j
t a.(t)+ -
]( ) 32477 (33)

3

t7%a e L, (tp00), k=0,1,2, k#j.

Then equation

nn

" ra, U ) +a @) u @) +ay(t)ut)=0 (34)
is nonoscillatory.

Remark 9. If j = 0 conditions (33) turn to

2

(35)
L |t a ()| dt < 0, k=1,2.

Remark 10. To compare condition (35) with the well-known
real coeflicient case, note that (34) with a,(t) = a,(¢) = 0 and
real valued a,(t) is nonoscillatory if (see [1])

(6] 5 9 ) J'OO 5 9
_— = — . (36
L s <a0 (s) + Tost ds t s“ay (s)ds + T > 0. (36)

By taking € = i€, j = 0 one can get another result.

Corollary 11. Assume that for some real number & conditions

© 3k © 3 +£2
L) 7 g (1)] dt < oo, L) t |ag (t) + e dt < oo,
k=12,
(37)

are satisfied. Then (34) has 2 oscillatory and 2 nonoscillatory
(linearly independent) solutions.

For two terms equation:

u? () +ay(Ou) =0,  ay(t) =|ay (1) ¥,

(38)
n=2, ¢=0 or ¢=m,
with real valued coefficient ay(¢) by choosing
1
a(t) = |a0| /n,
(39)
b; = A L S N

from Theorem 5 one can deduce the following theorem.
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Theorem 12. Assume a(t) = Iaoll/” € C"!(t,, 00), and for all
k=1,...,n

JOO
to

_ b [ a’
a(l n)/2 (t)e bkjyﬂ a(s)ds (_ + ao (t))

dt"
(40)
% <a(1—n)/2 (t) ebk _[:0 a(s)ds) dt < oo,
[ lay 0]t = . (41)
to

Then (38) has 2m = 2[(n + ¢/m)/2] — (2¢/n) oscillatory and
n — 2m nonoscillatory linearly independent solutions. Here [-]
is the integral part of a real number.

Remark 13. If ay(t) =
simplified to

t¥, then conditions (40), (41) are

(42)

> — .
14 n—-1

Remark 14. For the quadratic equations with complex coefhi-
cients 2> + a,z + a, = 0, it is easy to see that it has one pair of
complex conjugate zeros with nonzero imaginary parts if and
only if the coefficients a, 4 are real, and a’ — 4a, < 0.

Theorem 15. The cubic equation with complex constant coef-
ficients

P(z)=2"+a, 2" +a;z+ay =0 (43)

has a pair of complex conjugate solutions with nonzero imagi-
nary parts if and only if one of the following conditions is true:

a, = dy, a, =a,, a, = a,, D;(t)>0 (44)
or
a, +a,, D, () <0, P(z) =0, (45)
where
a2\’ a2\
a a, a
Dy= —108( 2 %) _qog( 4%, D
3 9 2 6 27 (46)
= afaj - 4af - 4a23a0 - 27a§ + 18aya,a,,
a-a \° a-a
D= (i) Bk, )
2(a, — ay) a, —a,
are the discriminants of (43) and P(z;) — ﬁ(zl) = 0
correspondingly,
a, —a;
zp=\Dy - o ——- (48)
2(a, - @)

Example 16. For the equation

2 - (5+4i)z"+(11+8))z—-15-20i=0  (49)
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we have

ay — a, = —40i,

D =( 4 =& >2—%_”°=1—5<0
? 2(a, - ay) a - a

zZ,=V1-5+1=2i+1,

a, —a; = 16i, a,—a, =-8i+0,

P(s)=P(z) =0
(50)

and condition (45) is satisfied.

3. Proofs

We are going to use Levinson’s asymptotic theorem as it
appears in [5].

Theorem 17 (see [5]). Let A(t) = diag(A,(),...,A,(t)) be
an n x n diagonal matrix-function which satisfies dichotomy
condition.

For each pair of integers i and j in [1,n] (i# j) exist
constants K, K, such that for all x and t, ty <t < x < 00

Jx R[1,(5)- A, ()] ds < K,
t

. )
or J R [/\,» (s) - /\j (s)] ds > K,.
t
Let the n x n matrix P(t) satisfy P(t) € L,(t,,00) or
J- |P(t)| ds < oo, (52)
t

by which one means that each entry in P(t) has an absolutely
convergent infinite integral. Then the system

Y0 = (A@®+P@)Y () (53)
has a vector solution Y (t) with the asymptotic form

t
Ifo A(s)ds

Y({)=(E+e(t)e C, tlirrolos (t) =0, (54)

where E is the identity matrix, &(t) is the n X n error matrix-
function, and C = (C,,...C,)"" is a constant column-vector.

Proof of Theorem 1. Rewrite (1) as a system

Y ) =A®)y(t), (55)
0 1 0 0o --- 0
ap= 0 0 oY
—-ay (t) —a,(t) —a,(t) —a; --- —a,(t)
u(t)
u' (t)
y(t) =
LD
(56)

By transformation
y)=0(@)z (1), (57)

where matrix-function ®(t) is defined via phase functions

fj(t)1

O (1) = F (£) eba 1O%, (58)

and the entries of the matrix F(t) are defined in (4), (6), we
get

Zt)=0"(AOPMH - ®)z®), (59

or, in view of identity,

’ _ B(t)
AWM D(H) - (1) = (1) (A(t) ‘2 (t)>, (60)
we have
2 = (A 0+ %) @), (61)
where
A(t)
0 0 0 0
0 H®-fi() 0 0
(o7 0T fo-fm o ,
0 . . 0
0 0 fu@®) = fi (1)
(62)
B(t)
_F,Ch,  —F,Ch, _F,Ch,
F,Ch, E,Ch, F,Ch,
| -mcn,  -BCh _F,Ch,
(63)

Here and further we often suppress the time variable ¢ for the
simplicity. O

Remark 18. Remarkable formulas (61)-(63) show that any nth
order (1) may be transformed to the first order system Z'(t) =
A, (t)z(t), where the matrix A, () is a sum of diagonal matrix
A(t) and perturbation matrix P(t); thatis, A,(t) = A(t) + P(t)
(Levinson form). Moreover, if the diagonal matrix is chosen
in terms of phase functions as in (62), then the perturbation
matrix P(t) = B(t)/F,(t) is the weighted characteristic
function (i.e., the entries of matrix B are proportional to the
characteristic functions Ch j(t)). Our conjecture is that it is
true not only for (1), but also for any first order system. For
planar systems it was proved in [7].



To prove basic formula (60) note that by using Laplace
expansion by the minors of the determinants:

f11 f12 fln
fa fao o fou
Fo=det| . . . . ’
fnl fn2 fnn
fu fi o fin (64)
f21 fzz fzn
O=det| . . . . ]
fk1 sz fkn
k=1,...,n-1,

we get identities:

Flfnl _FanZ +"'+(_1)n_1annn = FO (t))

Fifu-FEfo++E)""Ffi,=0, k=1,...,n—1,
(65)
or (flj =1 fzj :fj)
F,-F+F+---+(-1)""E, =0,
fHF - fHF +"‘+(_1)n71ann =0,
(66)

(f+ )R -(S+6)E+(fi+f;)F
+ (1) (f,f +fy:)Fn =0.

By direct calculations we get

(A0 - cD')” = oJ S (fu—-fi)=0,

<®<A+£)> _ (_Fl+F2_F3+"'+(—1)nFn)Chl
FO 11 FO

:O)

(A(D B cD’)zl =(f.- f) ejtflds

(o(++5)),

=(fo- fl)ejtflds

. el fids (-F, +F,+ -+ (-1)"E,) Ch,
FO

=(fr- fl)ejtflds>

(A0 - (I)')nl

= (_ao —afi-afs - = A fu
= ffi) el

= el fldSChl,
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(7)),

= el fids (~fuFy + fnFs + -+ (=1)"f,,,F,) Chy

Ey
_— héscp,,
(67)
and the same way we get
B
AD-") =(d(A+—)) ., jk=12..,n
(s0-0), = (o(ar £)) o hb=t2en @

To apply Theorem 17 to system (61) note that from (7)
follows dichotomy condition (51) of Theorem 17. Condition
(52) of Theorem 17 turns to B(t)/F,(t) € L,(ty, 00):

F,Chy (¢)
Fy (1)

or (8) inviewof -F, + F, —-+- + (-1)"F, = 0.
From Theorem 17 applied to system (61) we get

2(0) = 2 () (E+ (1) C,

€Ly (ty00), kj=12.3,...,n (69)

lim e (¢) =0,
t— 00

t

z, (t) — el A(s)ds
1 0 0 0
J (fa-fr)ds
0 e’n 0 0
= J (fs=fds
0 0 e’ 0
t
J (fa=fr)ds
0 0 0 e’
(70)
From (57):

y(O) =@ )z () =P @)z () (E+e(®)C,  (71)

we get representation (11). If functions { fj(t)};’:1 are exact

t t
solutions ofCh(fj) =0,j=1,2,...n then F(t)e-[fo fids )i, Ads
is the fundamental solution of (55). Abel’s identity

t t t
C = det(F(t))e jto fldse o Adse— LO Tr(A(s))ds
(72)

_ F, () ea ittt hutan)(ds

may be written in the form (9). We always choose (approx-
imate) phase functions fj(t), j = 1,2,...,nsuch that (9) is
satisfied.

Proof of Theorem 2. From the assumptions (13), (14) of
Theorem 2 one can generate an asymptotic solution as the
difference of two asymptotic solutions:

t t
up (£) = el 169 _ I f(9)ds

, ¢ (73)
= Digh RUKENds ) (J S [ fi ()] ds> ,
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which is oscillatory. Indeed if Lt S[fe(s)lds = o0, or
0

'[:0 S[ fi(s)lds = —oo, then the infinite sequence of zeros t,
of u,(t) is given by

tP
LO S [fi (s)] ds = pm, (74)
P=1,23... or p=-1,-2,-3,...

From the assumptions (13), (15) for the solution u,(t) one
can generate another infinite sequence of zeros t,, that is
given by

J 'S [fk () - f; (s)] ds = 2mrr,
fo (75)

m=1,2,3,..., or m=-1,-2,-3,....

Indeed we have the following:
up (£,) = ol 19 <e Jio RULGF()1ds i [y SUAO-fj(s)ds _ 1)
=0.
(76)
Theorem 2 is followed from representation (11). O

Proof of Example 4. Asymptotic solutions of (22) we choose
in the form

fi=xi- 50

" fi(s)ds
w(t)zejfof/ , ,
! T (i)

x () =ir@®e?Y,  x,(6) = —x, (t)

or
u ()= Cx P 1)k 9O, =12 (8)

From (4) we have the following:

1 1
F@o = <f1 o f (t))’
Fo (6) = det (F) = f, (1) — f, (t) = ~2x, (),

(79)
F=F=1,
Chy= f1®) + 2O -2 () = (x,72) () 2 (1),
So if (8) is satisfied, that is,
(x72)" © % (1) € L, (1, 00), (80)

then solutions of u”' () + 7 (t)e*¢®)

form following:

u(t) may be written in the
u()=C, (1+& (®)u, 1) +Cy (L+& 1)) u, (1),
Jim e; () =0, (81)

j=1.2

If u(t) has a zero for some complex numbers C,,, |C,| +
|C,| #0, then

or
C,e”V + Ce™ =,
t (83)
y(@t) = Jt r(s) [cos (¢ (s)) +isin (¢ (5))] ds,
or
C2 _ 2iy(t)
C, =e. (84)
By taking the derivative by ¢ of both sides we get
0 = 2iy’ (1) e*?? (85)

and since

Y (6) =7 (t) [cos (¢ (1)) +isin (9 ()] #£0,  (86)
we get
0= eziy(t) _ eZi J‘:o r(s) cos((p(s))dse—z J‘:o rsin((p(s))ds’ (87)
or
0= 6—2 _[:0 7 sin(@(s))ds (88)

By taking the derivative by ¢ of the both sides we get

0 = 27 (t) sin (g (1)) ¢ b "ot (89)

or
@(t) =0. (90)
So condition (8) turns to (21). O

Proof of Theorem 5. We deduce Theorem 5 from Theorem 1
by choosing fj(t) as in (24), (25). By calculations we get

Fo t) = H (bk _ bm) a1+2+"-+n—1

1<k<m<n

T G-t

1<k<m<n

(o1

Note that (9) is satisfied in view of b, +--- + b, = 0:

!

FO
fot fatet fut 2
0

:<b1+...+bn_w>a(t) (92)

2a?

nn-1)a

2a

=0.



Further we have the following:

F= ]

k<m<mk,m# j

- 1

k<m<mk,m# j

(bk _ bm) a1+2+---+n72

93
(bk -b )a(nfl)(ﬂ*Z)/Z ©3)

and condition (8), in view of Definition (2), turns to (27):
F;(t) Chy (t)
Fy (t)
=C,Chy (t)a' ™ (1)

= Cjalfna(”fl)/ 27, a9 (94)

<L (a(lfn)/Zebk j[ﬂ a(s)ds) )

C. = Hk<m<n;k,m¢j (bk - bm)
! HlSk<mSn (bk - bm)

Further (7) turns to (26). So under conditions of Theorem 5
conditions (7)-(9) are satisfied and Theorem 1 is applicable.
Further from (28) we get (13), (14) is satisfied for k =
1,2,...,2m, and Theorem 5 is followed from Theorem 1 and
Theorem 2. O

Proof of Corollary 6. Corollary 6 is followed from Theorem 5
by taking a(t) = 1/t. From (27) we have

" .
t(n_l)/z—bkzaj (t) (tbk+(fl—1)/2)(]) € L, (£, 00),
= (95)

k=1,...,n,

o, since (tH)P = BB-1)---(B—j+ DtP, j=1,2,...,n,
we get

j_ilaj oY (bk + ”; 1)

_ —2i (96)
X(bk-l-n 3)(bk+u>
2 2

+ay ()" e L, (ty,00),

or condition (27) turns to (31). Further conditions (28),(29)
turn to (30). L]

Proof of Corollary 7. Corollary 7 is followed from Corollary 6
by takingb, =k-1-((n—-1)/2), k=1,2,...,n,m=0. [

Proof of Corollary 8. We  deduce from

Corollary 6.

Corollary 8

ISRN Mathematical Analysis

In the case n = 4, a; = 0 condition (29) turns to

. 3 1 1 3
o s) () (0 3) (8 3)
+ta2<bk+§)<bk+l)
2 2 (97)
+ta (b +§>
1\ % P
+tay €L, (ty00), k=1,2,3,4.

Considering the case j = 0 of Corollary 8 assume t**a, €
L,(ty,00), k = 1,2. Then condition (97) turns to

t3< (b +3/2) (b + 1/2) (b - 1/2) (bk_3/2)>
ag +
(98)

t4

€ Ly (t5,00).

For any real € by choosing

b = %\/5 25—, b =-b,
b= \5+V25-2, b =—b,

2
we get (b,f - 9/4)(19,3 —1/4) = (9-¢*)/16 and (97) turns to (33)
with j = 0.
In the case j = 1, assuming t>*a, € L,(ty, 00), k = 0,2
(97) turns to

(99)

(B - 1/4) (b - 3/2)
t3

>EL1 (ty,00).

(100)

t* (b + 3/2)<a1 +

By choosing b, = —3/2, and b,, b,, and b; as real solutions of

2

(b,f—i)(bk—g>=3_8€ , b1+b2+b3=§ (101)

with the negative discriminant (see (46)), we get conditions
(33) with j = 1:

3-¢ _
t2<a1+Ts), t%a, e L, (t),00), k=0,2. (102)

In the case j = 2, assume t°> @, € L,(t;,00),k = 0,1.
Condition (97) turns to

t (b +3/2) (b + 1/2) (az , (B:-3/2) (b - 1/2))
(103)

t2
€L, (ty,00).

By choosing b, = -3/2, b

solutions of

3 1 3-¢
-2 2)- 257
<" 2/J\k 2 4

= —1/2, and b, as real

by+b,+b,+b, =0,
(104)
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or
2 2
blzl—\jl ‘. b2:1+\/1 £ (105)
4 4
we get nonoscillation conditions (33) with j = 2:
3-¢ 3k
tlay+ — |, t @ €L, (tj,c0), k=0,1. (106)
8t O

Proof of Corollary 11. Proof of Corollary 11 is similar to proof
of Corollary 8 in case j = 0 with the choice b, =

(1/2\5-V25+&, b, = -b, b, = (1/2)\5+ V25 + &,
and b, = -b;. Note since Im[b,] > 0, Im[b,] < 0, and
Im[b;] = Im[b,] = 0 we get 2m = 2. O

Proof of Theorem 12. We ~ deduce  Theorem12  from
Theorem 5.

From the choice (39) we get

b] _ ei¢/ﬂeiﬂ(2j+l)/n’ (_ao (t))l/n - b]a @), ] =1,...,n.
(107)

It is easy to see that condition (25) of Theorem5 is
satisfied. Condition (27) turns to (40). To check condition
(26) consider

b = cos( 2T §%>_ sy
ER[bk bj]—cos( P, cos{ ——+

n

=28in(¢+ﬂ(l+j+k))sin<ﬂ(j_k)>.

n n

(108)

Assuming 1 < k < j < n, we have

sn ()50

and since ¢ = 0 or ¢ = 7, the sign of R[b, — b;] does not
depend on t and (26) is true. Let m be the number of indices

(109)

j € {L,...,n} for which
1/n . (P+7T(2j+1)
S [bja ()] = |ay (1)) sin ] %0 (110)
Then (28) is true in view of (41).
If for some j € {1,...,n}
+m(2j+1
sin (M) _o, ()
n
then a nonoscillatory solution exists. This condition
% € Z’ o= f’ (112)
n T

thatis, « = 0,1 since ¢ = 0 or ¢ = 1.

Consider the case

¢ =0, « =0. (113)
If nis odd, then (2j+1)/nisinteger ifand onlyif j = (n—1)/2
which means that the solution with

n—-1

J=2>

n>2 (114)
is nonoscillatory, so other 2m = n — 1 = 2[n/2] solutions are
oscillatory.

If ¢ = 0 and n is even, then and all 2m = n = 2[n/2]
solutions are oscillatory.

Further in the case

o=m a=1, (115)
and n is even we have the solutions with
. n .
j==-1, j=n-1 (116)
2
are nonoscillatory, and the other n-2 solutions are oscillatory.
In the case ¢ = 7 and n is odd we have only one
nonoscillatory solution with j =xn —1and 2m =n - 1.
So
2] o=
2m=1y_2, @ =7, nis even, 117)
n-1, ¢=m, nisodd,
or
+ 2
2m=2[#]——¢. (118)
o O

Proof of Remark 14. If z* + a,z + a, = 0 has 1 pair of complex
conjugate zeros z,, z, = z;, then a,, a, are real numbers since
ay = 2,2, = |z 2 0anda, = -z, -2, = -z, - 2,
and quadratic equation z* + 4,z + g, = 0 has two complex
conjugate roots if a; — 4a, < 0. Assuming that ay, a, are
real numbers and a; — 4a, < 0 from quadratic formula
the equation z* + @,z + a, = 0 has two complex conjugate
roots.

Proof of Theorem 15. Assume there exists a pair of complex
conjugate solutions z,, z; of P(z) = 2° + a,2”> + a,z + a, = 0;
that is,

P(z)=0, P(z) =0, (119)
then denoting

P(2) =2’ + mz" +ayz + ag, (120)
we have ﬁ(zl) = 0 as well, and

P(z,) _ﬁ(zl) = (a —a_z)zf +(ay — @)z, +ay—a, = 0.
(121)

Consider 3 cases.
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First case: a, = a,, a; = a;, a, = a5, D3 > 0.

In this case P(z;) — ﬁ(zl) = 0 is satisfied. The coeflicients
of P(z) = 0 are real and (43) has two complex conjugate
solutions since discriminant D; of P(z) = 0 is positive. We
drop the case a, = a,, a; = a;, a, = ay, D; < 0 since in that
case all solutions are real.

Second case: a, # a,.

In this case by solving quadratic equation P(z,) - P(z,) =

0 we get
a, - a, [
Z,=——7"—"—+ D,
' 2(a, - a,)

D2=( o= >2—§_a",
2(a, —a,) a, —a,

(122)

and P(z,) = P(z;) = 0 implies another solution z, can be
found by division:

P(z)=(z-2)Q(2),
Q@) =2"+(z,+ @)z +a, +az, + 2., (123)

Q(z,) =0.

Note that if discriminant D, of the quadratic equation P(z;)—
P(z,) = 0is negative, then by solving this equation we get two
complex conjugate roots with nonzero imaginary parts:

_ a, —a

=z;=-——1""__.D,.
2oA 2(a, - @) ’

(124)

If

D, >0, (125)

then z, is real, and to find another (complex) solution z; one
should solve

Q(z;) = z§ +(z)+ay)zs +a, +ayz, + zf =0. (126)

Since z; must be a solution as well, we have
Q(z3) -Q(z3) = (4, — @) (25 +2,) +ay —a; =0, (127)
and z; is a real number given by

!

Zy=-2; — (128)

a,=a,

Further since z,, z; are solutions by division
Q(2)=(z-2z;)R(z), R(2)=z+z, +2z;5+a, (129)

and one can find the third solution z,:

(130)

Z4 = -2, — 23— a,.

This case does not work since we have two real solutions z,,
z5 and one complex solution z, of P(z) = 0.

ISRN Mathematical Analysis

Third case: a, = a,, a, # a;.

In this case assuming zs;, z; are complex conjugate
solutions of P(z) = 0 from P(zs)—ﬁ(ZS) = (a,—ay)zs+ay—a, =
0 we get z; which is a real number given by

(131)

and P(z;) = 0.
If z¢ is another solution of P(z) = 0, by division we get

P(2)=(z-2)Q(2),

Q(2) =2° + (25 + @) z + a; + ayz5 + 22, (132)
Q(z) = 0.
Since z4 = z; is also solution of Q(z) = 0, we get
Q(25) -Q(z5) = ay —a; =0, (133)

and we come back to the case 1.
To prove that (45) is sufficient condition in view of
P(z;) = P(z,), it is enough to show that

7= a-a ( a, —a, )2_%_%

o2 -m) \\2(m-a3)) @m-a)
but it is true since ((a, — a;)/2(a, —a_z))z—(a_o—ao)/(@—%) <
0.

It is easy to see that (44) is a sufficient condition as well.
O

(134)
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