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Abstract: We are concerned with the asymptotic behavior of solutions of an n-
th order linear dynamic equation on a time scale in terms of Taylor monomials.
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1 Introduction
We shall first consider the two term n-th order linear dynamic equation
u®" +p(tu(t) =0, p(t) >0, t>t (1)

on a time scale T. Later (see Theorem [2.4)) we consider a more general n-th order linear
dynamic equation with n 4+ 1 terms. For the sake of completeness, we recall some basic
definitions from the theory of time scales |7, [14].

A time scale T is an arbitrary nonempty closed subset of the real numbers. Since
we are interested in oscillation results, we will consider time scales which are unbounded
above , i.e., sup(T) = oo. We use the notation T := [tg, 00).

For t € T we define the forward and backward jump operators

o(t) =inf{s € T,s > t}, p(t)=sup{seT,s<t}. (2)
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The (forward) graininess function p : T — [0,00) is defined by
pu(t) = o(t) —t. 3)

If T has a left-scattered minimum m, then T® = T — {m}, otherwise T = T. For
f:T — R and t € T® define the delta derivative f2(¢) to be the number (provided it
exists) with the property that for any ¢ > 0, there exists a 6 > 0 and a neighborhood
U= (t—94t+)NT of ¢t such that

1£7(8) = f(s) = FA@0)(0(t) = 8)| < elot) = s, f7(t) = flo()), (4)

for all s € U, (see [7]). A function f: T — R is said to be rd-continuous provided it is
continuous at right-dense points in T and at each left-dense point ¢ in T the left hand
limit at ¢ exists (finite). The set of rd-continuous functions on T will be denoted by C,.4.
The set of functions such that their n-th delta derivative exists and is rd-continuous on
T is denoted by C;. In we assume that p € Cq and we say z is a solution provided
z € C" and u®" (t) + p(t)u(t) = 0 for t € T*. We say that a function f is regressive on
T if 14 u(t)f(¢) # 0 for all ¢ € T. The set of regressive functions on T which belong to
Crq is denoted by R. The set of regressive functions in C}}, will be denoted by R".

A solution u of (1)) is said to have a zero at a € T if u(a) = 0, and it has a generalized
zero at a if either u(t) has a zero at a or if u(p(a))u(a) < 0 A solution of is said to
be oscillatory if it has an infinite sequence of generalized zeros in T, and nonoscillatory
otherwise. Equation is said to be oscillatory if all solutions are oscillatory and is
said to be nonoscillatory if all solutions are nonoscillatory. An interesting question is
what conditions guarantee the existence of both (i.e, coexistence). Oscillation theorems
for n-th order differential equations have been established by many authors. One often
finds criteria under which all solutions are oscillatory. The approach here is somewhat
different in that we are interested in establishing sufficient conditions for the existence
of at least one oscillatory solution or conditions which guarantee that all solutions are
nonoscillatory with a certain asymptotic form. We refer to the results of W. Leighton
and Z. Nehari [2I], I. M. Glazman [I2], G. V. Anan’eva and V. I. Balaganskii [2], V. A.
Kondrat’ev [17], I. T. Kiguradze [16], the book of Swanson [24], and the many references
therein.

Oscillation theorems for second order dynamic equations on a time scale have been
studied by many authors since the introduction of the time scale calculus by Hilger [14].
As examples, we refer to the results in [IT, [4 [I8]. In this paper we establish some
sufficient conditions for the existence of an oscillatory solution and for nonoscillation of
the n-th order equation on a time scale in terms of the Taylor monomials. We also
mention that some oscillation results for were obtained in [20]. For additional related
results on the asymptotic behavior of solutions of dynamic equations see [6} [15], 23] 25].

2 Main Results

We recall the definition of the Taylor monomials (these Taylor monomials were first
introduced by Agarwal and Bohner in [I]) as follows:

¢
hk+1(t,8):/hk(T,S)A7, k=0,1,2,3,---, ho(t,s)=1, t>s. (5)

The solution u = u(-,¢;) of the IVP (1)),

uty) =ul(t) = =ud" T (t) =0, WA (t) =1, t >t (6)
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is called the principal solution of at 1.
Our first result gives a ‘smallness’ condition @ on an integral involving the Taylor
monomials which guarantees that the principal solution is nonoscillatory.

Theorem 2.1 Ifp € C,q, and
/ 1 (5, to)p(s) As < oo, (7)
to

then the principal solution u of is eventually positive. Moreover, holds if and only
if

, u(t)
1 _ 7 = .
Jim I () Cc>0 (8)

Theorem 2.2 If p € C.q, and u is a solution of which is eventually positive,
then

where 0 < L < 4o00. That is, both limits are finite and positive.

Theorem 2.3 Ifp € C,q, and

/ ()P AL = 00, (10)

1

then equation has at least one oscillatory solution.

Remark 2.1 If
lim o) =0, (11)

t—oo t

then Theorem is true if, instead of , the simpler condition

/OO t"2p(t)At = oo (12)

t1

is satisfied. More generally, if for some number K € (0, 1),

@qn—nﬁ(Kﬁq), n >4, (13)

and are satisfied then the conclusion of Theorem 2.3 is true. In general, however
does not imply as is shown in the following example.

Example 2.1 Consider the time scale Ty = {ty = 22"k =0,1,2,3, -} (see [7]).
For this time scale there are functions p such that

/100 hg(t, tﬂp(t)At < o0

but -
/ t2p(t) At = oco.
1

The proof of this example is given at the end of Section 3.
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Using the asymptotic representation method [22], [10, O] one can prove the following
theorem.

Theorem 2.4 Assume that for all j =1,--- ,n, we have p; € Cyrq, and

> h7_1(t,to) (R}~ (t,t0)
/ |pj(t)|h[j/2](tatO)hjflf[j/2](tat0)h] ( <h,111(t,t0)

At < oo, 14
to j—1(t,to) ) 14)

where [j/2] is the integral part of % Then the equation

w4+ pr (AT s (A (1) + pa(tu(t) =0, teT (15)
is nonoscillatory on T N [t1,00).

Remark 2.2 [If is true, then equation is nonoscillatory if the simpler con-
dition

/ oI (s)|py ()| As < 00, j=1,--- ,n. (16)
t
1s satisfied.

Note that under assumption 7 the asymptotic behavior of solutions of on a
continuous time scale (o(s) = s) was described by Ghizzetti [12].

Remark 2.3 When n = 3, equation is nonoscillatory if

< 202 (t)p(t) At
/t1 7h2(t,t1) < 0, (17)

and it has at least one oscillatory solution if

/00 tp(t) At = oo. (18)

ty

Before beginning the proofs, we would like to mention some consequences for the n-th
order linear difference equation

A"z(k) + p(k)z(k) = 0, (19)

where p(k) > 0. It was shown in [20] that all solutions are oscillatory in case

SR p(k) = o0, (20)

for some 0 < ¢ < n — 1 when n is even, and every solution is either oscillatory or
lim, o z(n) = 0 when n is odd. However, when e = 0, the result is no longer valid.
The results in the present paper show that if Y ;" k" ?p(k) = oo, then there exists at
least one oscillatory solution. If Y7° k" ~!p(k) < oo, then the equation is nonoscillatory.
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3 Proofs

In the proof of the main results we use the methods developed in [2I]. We shall need
various estimates on the Taylor monomials which we collect in the following lemma.

Lemma 3.1 The Taylor monomials satisfy the following properties:

hn(tl,s) Z hn(tQ,S), tl Z t2 Z S, hn(t, 81) S hn(t,32)7 t 2 S1 Z S92, (21)
hn(t,tl) > hn_l(t,tl), tlim ]’Ln(t,tl) =00, t>t1+1, n=1,2,---, (22)
h(t,t hi(t,t

an:o, k=01, ,n—2, limM:I, (23)

t—o0 hnfl(t7t1) t—oo hk(t7t1)

(£ =) / (t— 5!
t—s)" < ~—’ 7 —s)"AT < ~— =0,1,--- t> 24
(t—s)" < 1 , S(T s)"AT < orl 0 " 0,1, >s, (24)
t—s)" h}(t

hn(t,s)g( ) = 1(’5), n=0,1,---, t>s>0, (25)

hk—l(tvs) < hk(t75)
hg(t,s) - hi+1(t78)’

hg—1(t, $)hj_q(t,s) < hq(t,s)hj_q—1(t,s), t>s, (26)

where 1 <k <n, 1<qg<j/2
Suppose that for some positive integer m there exists a number A € (0,1) such that

p(t)

=< S, S = (m+1)m (A% —1), t>0. (27)
Then
Sk+1 <Sg, k=1,2,---, (28)
and
i (tk-‘rl)A
> —1.2 ... m.
t" > A P k y 2,000 ,m (29)

If is true for m = n, then

tnfl
h(t,s) > Bp_yt" — (1+ By + 2By + -+ + (n — 1)!Bn_1)ﬁ, (30)
where
B, = A Byo=1, n=0,1,2 (31)
n*(n+1)|a 0o— 4 — Y La .

Proof The statement concerning the monotone increasing nature of h,(t, s) in
the first argument is trivial. We prove the monotone decreasing property of h,(t,s) in
the second argument by induction. That is, we will show

hn—l(tasl) < hn—l(t752)7 51 > 52, n = 1325 Tt
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If n = 1 the statement is trivial. Assuming that the result is true for n — 1, we see that
holds for n since

t t t
hn(t,sl) = / hnfl(’T,Sl)AT S / hnfl(’T, SQ)A’T S / hnfl(’T, SQ)AT = hn(t, 82).

S1 S1 52

We also establish property by induction. For n = 1, follows from the formula
hi(t,t;) =t —t; > 1. Assuming that is true for n =1,2,--- , k, we obtain

t t
hk+1(t,t1) = / hk(T, tl)AT 2 / hkfl(T,tl)AT = hk(t,tl),

tl tl

which completes the induction.
From these inequalities we get

hp(t,t1) > hi(t,t) =t —t1, n>1,

and the property lim; oo by (t,t1) = 00
To prove we will use L’Hospital’s rule:

Lemma 3.2 [7] Assume f and g are differentiable on T with

lim g(t) = oo,

t—o0

g(t) >0, g¢g*(1t)>0, teT.

Then
A
t—o0 g2(t)
implies
L
t—oo g(t)

Indeed, since h5 (t,t1) = h,_1(t,t1), then using we have

hy(t,t ho(t,t 1

lim Pbh) gy Robh) = 0.
t=oo ha(t,t1)  t—oo hi(t,t1) tooot—t

The general case of is proved similarly.

To prove we note that
n n
((t—s)"“)A:Z(U(t)—s) (t—s)" Z (t—s)Ft—s)"F=n+1)t-s"
k=0 k=0

The second inequality in is proved by integration of the previous inequality.
Inequality may again be established by induction (see also [0, Theorem4.1] for a
proof of this result). For n = 0 it is clear. Assuming

(t—s)n !

hn—l(ta 3) < W
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we have

hn(t,s):/sthn1(7,3)AT</:(T_8)H_1AT</: (=52 _ =9

(n—1)! n! n!

To prove the first inequality it is enough to prove that

hk_l(t,s) S hk(t,s) ’ k}:1,2,~'~
hk(tas) hk+1 (t,S)

(32)

in view of

hilt,s) — hi—i(ts)  hi(ts) — huga(t, )i (t, s)
hg+1(t,s) hi(t,S) hiﬂ(t,S)h%(tS)

We will prove by induction, and that the sequence %t(ts)é), E=1,2--1is
decreasing with respect to t.

For k = 1 we have the sequence ﬁ = i is decreasing with respect to t, and
ho(t, S) < hl(t, S)
hl (t7 8) - h2(t7 8)
which follows from (Z5): ha(t,s) < ML)

hi_1(t,s)
hi(t,s)

( hil(t, s) )A _ ha(t8)hia(ts) = B3 ()
hk+1(t,5)

Assuming that

is decreasing with respect to ¢t and is true for k we have

<O0.
hi o (t, 8)hiya(t,s) -

That is, hZi (f(ts )5) is decreasing with respect to t, and

¢
h )
hio(t, s) :/ mhk(r, s)AT <

hi1(t, s) /t ~ hpga(t, 8)hega(t, s)
sy ), MOOAT= T

which gives with k - k+1:

hk(tvs> < hk+1(t75)
hiy1(t,s) = higa(t,s)

The second inequality may be proved by using the property of Taylor monomials

that the ratio hfl:;i(lt(ts;) is increasing in t if j —g—1>¢—1, or ¢ < j/2. Indeed

t t

hj— —1(278) hj— —1(t75)

hi_g(t,s :/Lh_ Z,SAZSL/]'L_ 2,8)Az =

J Q( ) to hq,1(2’78) q 1( ) hqfl(t,S) to q 1( )
hj—q-1(t,s)
hq_l(t,S)

To prove note that both sequences (k + 1)'/* and A=/ are decreasing with
respect to k for k > 1.

hq(t, s).
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First we prove for the case kK = m. Since
(A Z PO =" o (T T () + 0™ (),
to prove with £k = m from it is enough to prove

m A k m—k
t" > EO’ t)t .
*m—|—1k0 ®)

If £ =0, it is trivial with A = 1. Assuming p # 0 and dividing the inequality by ¢ we

have
m

A t
1>——> (z+1)* where x:M,
m+1 t
k=0
so that summing the right hand side gives

A (z4+1)mtt—1

1> =
m—+1 T m+1

(@ 4 Cpaa™ ™ e O + O+ Oy,

where CF 'm-1 is the binomial coefficient. Hence the inequality holds if

m Cl xml om- 1
1> A m+1 e St 1.
- <m+1+ m+1 + + m+1 +

Now this inequality is true if

1>A(M+1)m (33)

™ CLam-t C2 zm—2 C3 am=3
= A + m—1 + m—2 + m—3 + e + 1
m+1l  (m+1)"= (m+1)"=  (m+1)™=

is satisfied, since

Ck ygm—k Cffﬂ_lwm*k
(m+1)" — m+1l '
or
(m4+1-kE">m+1)""% Ek=01,--,m m=0,1,2---.
To see this note that if m = 0, k& =0, it is true, and if it is true for m, k=0,1,---,m
then it is true form - m+1, k=0,1,---,m + 1. Now we need to show that

(m+2—-k)"" > m+2)"% k=0,1,--- ,m+1.
To prove this, we do another induction on k: If £ = 0, it is true. Assuming
(m42)"HF < (m 42— k)™t
is true, we obtain the result for £k — k + 1 as follows:

e (m42)"k (g2 — k)

< 3_km+1
m-+2 - m+2 < (m+ ) ’

(m +2)™"
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or dividing by (m + 2 — k)™ we get
1L _(m+3—k mH
m+2 - \m+2—k '

which is true, since the left side is less than one, and the right side is greater than 1.
Furthermore from we have

1

4 1 ™
= > .
pt)  x 7 (m41)w(1— Am)
To prove for all k =1,---,m, note that if is true for m > 1, then it is true
for all k =1,2,--- ,m since the sequence Sy is decreasing.

The last property

1

hn(t,s) > Bnat™ — (14 By +2!By 4 -+ + (n — 1)!Bn71)m’

we prove again by induction. When n = 1, it is obvious. Assuming is true we prove
it for n — n + 1. From

t
hn+1<t78):/ ho (T, 8)AT
S

t tn71$
ATL n+1 n+1 1 | | n n
Z 77,+1Bn71(t — S )—E(1+Bl+232++<n—1>Bn,1)<t — S )S
1
> But"™ = But"s — = (14+ B+ 2By + -+ (n = 1)!B,_1)t"s
n:

nyA
in view of "1 < (tn) . That is,

hos1(t,s) > Bpt"™ — (1+ By +2!By+ -+ (n— 1)!B,,_1 + n!Bn)tZ—;S.
which completes the proof.
Proof of Theorem [2.1]
Since holds we may take t; large enough so that
/too hn—1(s,t1)p(s)As < %, t>t. (34)

Assume the principal solution of is oscillatory. Then there are two possibilities:
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1. There exists a point t5 € T,t; > t1, where the principal solution has a zero:
U(tg,tl) =0 and u(t,tl) >0 on (thtg).

2. There exists a point to € T, to > t1, where u(ta,t1) > 0 and u(o(t2),t1) < 0.

In the first case, from Taylor’s formula

w(t) = u(ty) + uB ()t — t1) + W22 () ha(t,t1) + -+ ul" (1)1 (t 1)+

t
/ UAn(S)hn—l(t?o.(S))As’ h‘kA(t) 8) = h’k—l(t7s)7 k= 071a2a"' y 10— 17

t1

so that the principal solution of equation can be written in the form
t
w(t,t1) = hn—1(t,t1) — / hn—1(t,o(s))p(s)u(s,t1)As. (35)
ty

From we have
u(tvtl) S hn—l(t7t1)7

B 1 (2, 1) :/t2hn_l(tg,a(s))p(s)u(s,tl)AsShn_l(tg,a(tl))/2p(s)u(s,t1)As§

1 t1

hn_l(tg, O’(tl)) / ’ p(S)hn_l(S, tl)AS.

ty
Dividing this inequality by h,_1(t2,0(t1)) we get

t
2 hn_l(t27t1)
~ _Mn=12,01)
/tl hn_l(s,tl)p(S)AS = hnfl(t270(t1))

Using the monotonicity of the Taylor monomial with respect to its second argument, we
get
to
/’hWJSJQM@AszL
t1
which contradicts (34)).
In the second case, from

o(tz)
u(o(t2),t1) = hn-1(o(t2), 1) — / hn—1(0(t2), o(s))p(s)u(s,t1)As <0

t1

o(t2)
hn_l(U(tg),tl) < / hn_l(a(tg),J(s))p(s)u(s,tl)As S

t1
O'(tg)

o(t2)
1 (0 (t2), 0 (1)) / D($)u(s,t1)As < o1 (0(t2), 0 (1)) / o (5. £1)p(s) As

t1 t1

o(t2) hn—1(c(t2), 1)
f e as 2 B 2,

or

o(o0) o(t2)
[ htpeas= [ hs apeas > 1

tl tl
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so we get a contradiction again. Therefore, we conclude that the principal solution is
nonoscillatory.

From
t
hn-1(t,t1) = wu(t,ty) —|—/ hn—1(t,0(s))p(s)u(s,t1)As
t1
t
< ult,t) + b (6 0(t1)) / p(s)u(s, t1)As
t
. 1
S U(t,tl) + hn_l(t,tl)/ p(s)hn_l(s,tl)As
t1
1
< u(t,t) + §hn—1(t7t1)a
so we get the inequality
1
ihn—l(tatl) S U(t,tl) § hn_l(t,tl). (36)

Before proving the second part of Theorem we prove Theorem

Proof of Theorem [2.21
Assuming that wu(t) is a positive solution of on [t1,00), we have from Taylor’s
formula and that

R(t) = u(t) —|—/t hn—1(t,0(s))p(s)u(s)As, (37)

where R(t) is the polynomial

R(t) = i hae(t, t1)u" (1), (38)
k=0
R(t) = u(ty) + (t — t)ud (t1) + ha(t, t)UP (1) + -+ + b1 (6, 12" (7).

Since u > 0, t > t1, and h,—_1(t, s) is decreasing in the second argument, we have from

B37)

RU) < ult)+hni(t,tr) / p()u(s)As

ty
= ult) + () (w2 (1) - uT @),
where has been used in the last step. Dividing by h,—1(¢,t1) we get
RO _ ()
hp—1(t,t1) = hn_1(t,t1)

In view of lim¢_, o % = w27 (t1), if t tends to infinity through a sequence of

points for which % approaches its lower limit we have

hp 1
n— 4
lim u® 1(t) < lim inf L
t—oo t—o0 hn—l(t7 tl)

1

+ uA%l(tl) —ur (t).

(39)
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-1

Note that the limit 2" (¢) as t — oo exists since, by (@), u" (t) decreases.
Choosing t; < £ < t from we have

13
R) > u(t)+ / b1 (£, 0(5))p(s)u(s) As

t1

3
> u(t) + hoa (8, 0(0) / p(s)u(s)As

t1

= () + b (t,0(9) (12" (1) —ut T (©)).
from R() () haato(©)
u n—1\0, O n—1 n—1
() = b)) T hea (it (uA (t) —u® (5))
we get
hoa(b0©uANE) RO ult) L haalto(©)ut (1)
hnfl(t,tl) hnfl(t,h) - hn,1<t,t1) hn,1<t,t1)
" R() wt)  haa(to(©ud (1)
u O+ 1t = ) Foer (£ 11) '
since I (t,a(ﬁ))
hnil(t,tl) =1
Now as t — oo using we get
, u(t) , 1 (£, a(E)ud" " (t1)
. &)+ . (f1) 2 h]rfrisogp hp—1(t,t1) * hirisogp hpn—1(t,t1)

and since from
hnfl(t7 0—(5))

li =1
125 T (6 1)
we have
- n— X u(t n—
THE) + a7 (1) > Timsup A ()
t—o00 hn_l(t,tl)
or

. 'LL(t) . A1
limsup ———— < lim u , 40
t%oop hn—l(t; tl) T -0 (5) ( )

which with proves Theorem

Returning to the proof of T heorem recall that under assumption it was shown
that the principal solution u(t,t1) satisfies inequalities (36)).

By Theorem
. u(t)
lim ——%—
t—o0 hy 1 (t,11)

exists and it is positive. So condition is sufficient for the existence of a solution with
the prescribed asymptotic behavior.
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To prove the necessity, we assume that has a solution such that

) u(t)
lim — ) =0, 41
ey 70 (41)

Evidently this assumption ensures that w(t) is ultimately nonoscillatory, otherwise the
limit in question would be zero. Now we may assume that u(t) is positive, and from
Theorem [2.2] lim;_, o u™" ' (t) = c. Integrating (1), we get that

/t T Ou)AE = A () — .

From our assumption, u(t) > (¢ — &)hy,—_1(t,t1) for some € > 0, and so

WA (t1) —c>(c— 5)/ " Ip(Ohn—1 (8, 1) AL,

t1

and it follows that [ hy,_1(t,t1)p(t)At < co. This completes the proof of Theorem [2.1
t1

Proof of Theorem 2.3
Assume that holds but equation is nonoscillatory on (t1,00). Then the

principal solution u(t, t1) will be positive for ¢ > ¢1. From (T)) u®" (, 1) < 0, A (t,t1)is
decreasing. By Theorem [2.2{lim;_,oc 2" (¢, 1) is positive, so u®" (t,11) >0, t>1

and

t
uA'H?(t,tl) = / uA”fl(s)As >A>0, t>t,
t1

and since u(b,t1) > 0 if b is slightly larger than ¢;, we have
AnfS t An72
w(t) = u(b) + -« + ho st Bud" " (b) + / B (t, o (5)ud" " (s)As
b

u(t,ty) > u(d) + ha(t, Dyu(b) + ... + hos (£, D))" (b) + Ahp_o(t,b) > Ahn_s(t,b).
On the other hand

t

At —UNHI 1 u 1 t u\t, 1 t n—2\0, s
WA ) = A )+/ p(Bult, ¢ )At>/b (1) (tt)At>A/b p(t)hna(t, b)At

b

and when ¢t — oo we get
t
[ pOha(t. )6t < 0,
b

which contradicts ([10)).

Proof of Remark 211

If condition is satisfied, then is true for m = n — 2, and from we have
for some small positive € > 0

hn—a(t,t1) > t"*(Bp_3 —¢)

which implies Remark [2.]
Proof of Example 2.1.
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For the time scale Ty = {t; = 22k,k =0,1,2,3,---} we have
ot) =1, put)=t*—t, hi(t)=h(t,2) =t—2

and for m > 1

m—1 m—1 m—1
ho(tm,2) = >  hy(t =3 (e =2)(th —te) < Y bty —tx) <t =137,
k=0 k=0 k=0
where we used the inequality
m—1
S -t <th ., m=>1,
k=0

which may be proved by induction. To see this note that it is true for m = 1, and if it
is true for m, then it is true for m — m + 1 as well:

m m—1
DAt = D (B )ty —th Sty — 1 St
k=0 k=0

Further choosing p(t) = t=47%+, ¢, =27%F = 5 > 0 we have

log, (

[ hapne = Y ma(plan(en) < 385 — 0 <
! k=1 k=1

—1/2—e
E t, = g 5 9T < 0.
k=1 k=1

However

[ evae=3 ptutn) -
1 k=1
1 oo
4—e /42 e __ -1 _
Ztkt (t2 —t3,) Zt 5};2 =

This establishes the validity of Example @

4 Proof of Theorem [2.4]

To prove Theorem [2.4] we will construct explicit nonoscillating asymptotic solutions of
(15). Since different asymptotic methods ([22} (10} 4]) are used in the proof of Theorem
we include the proof of it in this special case.

The equation

uB " o (T o pa (DU () + pa(Bu(t) =0, teT (42)

may be written as a system

z2(t) = (J + P(t)z(t) (43)
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where
n— 0 0 O 0 O
ul®) ' —P1 P2 —DPn 10 0 0 0
)= A |, PO)= 0 0 O, g=fo 1 o 00
u 0 0 0 0 0 10
Using the transformation
z(t) = At)y(t), (44)
where
A(t) =e’D(t), D(t) = diag{ho,h1, - ,hn_1},
that is
ho 0 0 0 0 0
hq hi 0 0 0 0
| he h? ha 0 0 0
AO =1 4y hohy hihs by o o0 |
hpn—1 hp_1hi .. OO S

(here we suppress the dependence on t: h; = h;(t,t0), p; =p;(t)) we get

y>(t) = (E(t) + B(t))y(t), (45)
where by direct calculations
E(t) = (A7) (JA(t) = A2(t)) = =(D?)"'DA(t), B(t) = (A™)7PA. (46)
Here
E(t) = diag{6:(t),- -, 0n(t)}, (47)
where
hi—2(t, o)
0,(t)=0, O(t) =——-"—"F"""—"—, k=2,3,---,n.
1( ) k( ) hk_l(O'(t),to)
From property the sequence 0, k =1,2,---, is decreasing with respect to k,
that is,

Oper(t) < Op(t), k=1,2-- n—1, t>t >t.

hr—1(t,to)

Note that 0 € R since 14 pufy, = T CIOE I 0. Consider the solutions of the n? initial

value problems

wB ) = althu ), o) =1 g = LB

(48)
Note that solutions of exist and are unique, if ¢ € R.

To find asymptotic representations of solutions of we will apply a time scale
version of Levinson’s theorem (for further results on the time scale version of Levinson’s
Theorem see [3]):
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Theorem 4.1 [ Assume that 6, e R, 1<k<n

/tlw’%‘w’ L<js<m, (49)

and suppose that there exists a number m > 0 such that for each pair (i,7) with i # j,

solutions w;;(t) of satisfy

lim Wi j (t) = 0,

t—oo

>m, t;1 <s<t. (50)

Then the linear system has a fundamental matriz Y (t) such that

Y(t) = [ +®)]V(t), lim e(t) =0, (51)

t—oo

where €(t) is the error matriz-function, and V (t) satisfies
VAR = E®)V(t), V(t) =1 (52)
Since the matrix E is diagonal (see (47)), and 6; € R, one can find solutions of
in terms of the Euler exponential functions:
vi(t) = eq,; (t,t1), j=1,2,3,---,n,
or in terms of the Taylor monomials:

hj—1(t1, o)

—_— 9=1,---,n, t>1t1 >t 53
hj—l(t,to) J n 1 0 ( )

eo, (t,t1) =

Note that v;(t) = eg,(t,t1), j=1,2,---,n are nonoscillatory. Solutions of are

69V(t,t1) 0; — 6, . .
w;i(t) =eq(t,t) = ———=, = , > g
Z]( ) q( 1) eai(t,tl) q 1 +/J9z J
Since 0; < 0;, j >, we have ¢(t) <0, but ¢ € R, in view of 1 4+ qu = ﬁ%{ <0.

From 7 we get

hj—1(t1,to)hi—1(t, to)
() = L >t >t 54
w]( ) hjfl(tto)hiq(thto) 21 > 0 ( )

Before applying Theorem [4.1]let us check the conditions. From (23)), condition is

satisfied: L L
lim 1w (£) = Tim j—1(t1,to)hi—1(t, to) —0, jis1,
t—o0 t—oo hj_1(t,to)hi—1(t1,to)
‘wij(s) _ hi—1(s,to)hj—1(t, o) > hi—1(s,to)hi—1(t, to) _1 jsi>1
w”(t) hj_l(S,to)hi(t, to) hi_l(S,tQ)hi_l(t,to)

To check condition note that by direct calculations from

- Rt — (n—2)h" 3hy — -\ 7
Bn,khk—lzpjhj—k( 1 ( W )11 2 ) .

Jj=k
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In view of , we have

he—1hj—r < hijjohj—1-fje) 1<k <,

Wit — (= 2)h7 " hy — | _ Ch?*l’
hn—l a hn—l
SO
hoer Y [pilhi—re < pilh ehioaogyj, forall 1<k <j,
i=k i=1
and
n h»il71 o
Bk < €Y Ipjlhg j21hj1-1i/2 (h 1) :
j=1 "
Therefore
n h;L—l o
IBO = C Y Ipjlhgjahi-1-13/2 (h 1) : (55)
j=1 "

So condition becomes

hg_(t,to) (h’f‘l(t,to)

At <oo, j=1,-,n,
hj,1<t,t0) hnl(tat0)> !

/ P ()R /2 (¢, to) hyj—1-(5/2) (t, to)
to

which is condition .
From Theorem we get the asymptotic representation

Y(t)=A@) T + <)V (¢).
The fundamental matrix solution X of in view of may be written in the form
X(t) = A@)Y () = AT +e(1)]V (?),

and solutions u of equation are not oscillatory.
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