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1. INTRODUCTION

Many problems of mathematical physics lead to differential equations which cannot
be solved exactly, but permit asymptotic solutions. For example, no exact nontrivial
solution is known for general ¢(t) for the equation

u”(t) + q(t) u(t) =0, te[0,7T). (0.1)

However it is not difficult to get asymptotic solutions. Indeed, taking in (0.1) ¢ =0
we obtain an auxiliary equation u”(¢) = 0 whose general solution is

u = Crp1 + Capa,

where
p1=1, pa=1 (0.2)
are the fundamental solutions. It is well known that if
q € L1([0,T7), (0.3)

then the general solution of (0.1) can be represented in the form
u(t) = (Cr+e1(t) pr(t) + (C2 +e2(1)) 02(t),  lime;(t) =0, j=1,2. (04)

In other words, (0.2) are asymptotic solutions of (0.1). The functions ¢; are called
error functions.

If the function ¢(t) has singularity at ¢t = 0, then for the equation (0.1) the Cauchy
data u(0), «/(0) are meaningless. For example, if q(t) = —2t~2, then u = C1¢; +
Cotpy with fundamental solutions 1; = t~1, 1o = t2. In our earlier paper [5] we
have in such cases proposed to use weighted initial data in Wronskian form. Let us
illustrate this on the example of (0.1).

We take a general solution of (0.1) written in terms of fundamental solutions 1,
19 and arbitrary constants C7, Cs:

u = Cotpy — Craa, u' = Cotpy — C1s.
Solving this system we get

Here W (11, 12) = 110 — 1bo1p] is the Wronskian. If ¢4 (t), ¢2(t) are asymptotic
solutions of (0.1) such that

O () =1+, 9i(t),  lime(t) =0, k,j=1,2 (0.6)
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then necessarily

W(1,1h2) =0 W(pr, p2)’ ’
and we get from (0.5)

W (u, ;) .
W) o =10 0.7
t—0 W (i1, p2) o 01

These relations can replace the initial data. The ratios in (0.7) we call Wronskian
data. Since we can always choose @1, w2, 11, 12 to have W (11, 12) = W (p1,¢2) =
1, (0.7) reduces to

tlin(l)W(u,gaj) =C,;, j=1,2

If (0.3) is satisfied, then Wronskian data for the equation (0.1) reduce to Cauchy
data. So, in the absence of singularities Wronskian data generalize usual Cauchy
data.
Construction of an asymptotic solution usually consists of the following steps:

1) choice of appropriate probe functions,

2) proof that the difference of an exact solution and the probe function is small
in some norm,

3) proof that asymptotic representation is differentiable (compare with (0.6)).

In this paper we apply this analysis to the equation

m
Lu(t,&) = > gm-(t,§) 0f u(t,&) =0, q =1, t€]o,T]. (0.8)
k=0
The main tool is a generalization of Levinson asymptotic theorem (Theorem 2).
This theorem estimates error functions for higher order ordinary linear differential
equations with parameter. We apply Theorem 2 to singular initial value problems
with Wronskian data.

2. THE MAIN RESULTS

In this section we formulate six theorems. Theorem 1 is a uniqueness theorem for
(0.8) with Wronskian data. Theorem 2 provides a sufficient criterion for asymp-
totic solutions. Theorem 3 is a modification of Theorem 2 for first order systems.
Theorem 4 is a particular case of Theorem 2 for second order differential equations.
Theorem 5 (Petrovsky) is a well-known necessary and sufficient criterion of cor-
rectness of the Cauchy problem. Theorem 6 is an asymptotic version of Theorem
5.

Consider the ordinary differential equation

Lu(t,&) =0, t €]0,T7, (1.1)
where L is in (0.8); as regards the coefficients, we will assume that
Gm-k(-§) € C(0,T]),  k=0,...,m. (1.2)

For any real s we denote by H® = H*(R™) the usual Sobolev space with the norm

—

lvlls = {(2m)™" /(1 +[€[%)° [8(6) 2 de}2 = [[o(€)]s, (1.3)



where ¥ is the z-Fourier transformation of v(z):
(&) :/v(xl,...w") exp(—iz &) dat ... da", e R (1.4)
Denote by C*(]0,T], HP) the space of k times continuously differentiable mappings

of ]0,T] to HP, H>® = NH?.
Given the functions

;i (,€) € Cc™(]0,T7), j=1,...m, (1.5)
we consider a m X m matrix
= (85_1901‘)%:1 (1.6)
and Wronskian
W(p1,...,om) = W(p) = det . (1.7

By ®™ we denote the algebraic minors, obtained from ® by deleting mth line and
jth column.
Assume that the functions ¢; have been chosen to satisfy

T
/|W*1(gp)¢>mjL<pk|dt§01—|—Can<§>, k,j=1,...,m, £€R" (1.8)
0

where ¢; are some nonnegative constants, < & >= (9 + |¢|>)'/2, €12 = &2 +
€2 + ...+ &2 We have chosen < ¢ > to have In < £ >> 1. Consider initial value
problem (1.1) with Wronskian data (1.9)

%E%W(Solv"'7%0_7'—15“790]'-'1-17'"5WM)/W(¢):gj(£)7 jzla"'ama (19)
Then the following theorem is true.

Theorem 1 If the conditions (1.5), (1.8) are satisfied then in C™(]0,T]) the
problem (1.1), (1.9) with g; =0, j =1, ...,m has only trivial solution.

Theorem 2 Let the conditions (1.2), (1.5), (1.8) are satisfied. Then for any
choice of g; € La(R™) there exist a solution u(t,&) of the equation (1.1), repre-
sentable in the form

AFu( Zgj O +e;t, )]0 it e), k=1,...,m,  (1.10)

hm||5J( Il =0, j=1,...,m, forsome pé€ER, (1.10")

with the estimates

|5th|<z|g;g\{ 1+exp/Z\W 2™ Loldt),  j=1,....m

0 k,j=1
(1.11)
or, in a weaker form

Hsjtf”pScZHgJ (Elptcam2> j=1,...,m, forsome peR. (1.11)
j=1
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Remark 1. If in (1.8) ¢o = 0, then the relations (1.10) hold, but instead of (1.10")
we have
%ir%sj(t,f) =0, k,j=1,...,m, (1.10")

uniformly for £ € R™.

Theorem 2 remains valid if one replaces the semi-interval ]0, 7] in (1.1), (1.2), (1.5),
(1.8) and (1.11) by [T, 00| and in (1.107), (1.10”) replaces t — 0 by t — oo.

For the first order m x m system of ordinary differential equations with parameter

£
vy = A(t, &) v(t, &), t€]0,T] (1.12)

we have the following version of Theorem 2.

Theorem 3 Let there exist nonnegative constants c;, co and a matrix function
(., &) € C1(]0,T]) such that

(1 4+ coln < € >)H|[ U™ (AP — Uy)||p € L1([0,T]), forall €€ R", (1.13)
where ||.||as is the matrix norm. If
A(.€) € C(0,T)). (1.14)

then for any C(§) € La(R™) there exists a solution v(.,§) of the system (1.12)
representable in the form

v(t) = V(t,€)(C(E) + (¢, 6)), (1.15)
where C'(§) and e are m-vectors, and for some p

Remark 2. If ¥ is the Cauchy matrix of the system w; = Bw where B does not
depend on £ i. e. U satisfies the equation

v, = BV,
then the condition (1.13) becomes
10~ (A = B) ¥lar € Lu([0,T)). (1.17)
Remark 3. If the diagonal part of A is chosen for B i. e.
B = diag(ai1,a22, - - -, Gmm), A = laijl], (1.18)

then the classical theorem of N. Levinson (see Theorem 3.1 in the §3 or [2],[4])
follows from Theorem 3 (with co = 0 in (1.13)).
For the second order ordinary differential equation

L2’LL = [atQ + q1 (t, 6) 8t + (J2(t7 g)] U(t, 6) = 07 t E]Oa T[a qi('a 6) € 02(]()’ T[)7
(1.19)
we obtain the following corollary of Theorem 2.

Theorem 4 Let non-negative constants c1,co and functions

wl('ﬂ£)7 902('75) € 02(]07TD (120)
exist such that for k,7 =1,2, £ € R"

T T
/ W= (1, 2)@3—j Lok || dt = / o5 (1t =@y 1) Lapldt < erealn < € >
0 0
(1.21)
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Then for any g,(€) € La(R"), j = 1, 2, there exists a solution u(t, ) of the equation

(1.19) representable in the form (1.10), (1.10%), with m = 2.
Remark 4. If we take

t
ot e [ oyt e)dt, j=12, (1.22)
T
then the condition (1.21) becomes
T
/ |90j_1(01 702)71()0]{(0jt+0']2-+q10j+q2)|dt§Cl + C2 1H<€> (123)
0

forall £ € R*, k,j=1,2.
If instead of (1.22) we take

t t
Y1 = eXP/ a(t,§)dt, 2= <P1(t’§)/ w2.1(t,€)dt, (1.24)
T T
where ¢ ; is the solution of the initial value problem
(O + 201001+ @21 (t,.) =0, t€0,T], 21 |i=r=1, (1.25)
then
01 Loy = @5 ' Lpa,  W(p1,92) = 0021 (1.25')

Remark 5. Let there exist a function
o(.,€) € C'(J0,T) (1.26)

such that for some nonnegative constants ci, co

T t
/ wa(t)(/ (o1 (7)dr) (1402 quo+ga)|dE < ertealn < € 1 s—=0,1,2, ¢ R
0

’ (1.27)
By Theorem 4 there exists a solution u(t, &) of the equation (1.19), representable
in the form (1.10), (1.10") with m = 2, where the functions 1, @5 are defined by
(1.24).
Remark 6. If in the equation (1.19) ¢1 = 0, ¢2 = ¢ > 0 and in (1.22) 0y =
iq"/? — q1/(4q), o9 = —iq*/? — q;/(4q), then by Remark 5 the well known (see [4])
JWKB- estimates (1.10),(1.10”) with m = 2 follow. Indeed, for the equation

i +q(t, §)u(t, §) = 0, (1.28)

where the functions @1, @2 are defined by

t t
p1=q Yexp {z/ q'? dt} , pa=q Yexp {—Z/ q'? dt}, (1.29)
T T

the conditions (1.21) (with cg = 0) take the form

g (g V") € L((0,T)). (1.30)

Remark 7. If in (1.24)

o=ilg—aiq?/16)Pag™" /4, S(t) = (= V?/2)e = ar/(46”?),  (131)
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then by Remark 5 the representations (1.10), (1.10"”) hold, where the conditions
(1.27) become

T t k
/ | 3 (t) (/ (¢12(y)dy) (S2=1)Y2-8), |dt < e1+ealn < €>, k=0,1,2.
0 T

(1.32)
This follows from oy + 02 + q(t) = ¢*/?((S? — 1)1/2 — 8);.

Remark 8. If we define @1, p2 by (1.24), (1.31), then for the equation (1.28) the
conditions (1.27) become

T
/|<pj<pk(at—|—02+q|dt§cl—|—621n<§>, i k=12 (1.33)
0

If in (1.24)
o(t) =a1(t) + az2(t) + ... + an(t), (1.34)
where «; are the solutions of the first order equations
ar(t) +q(t) =0, aj(t)+af () +205(t) o1 + ...+ ;1] =0, j=2,...,n,
(1.35)
then we obtain

or + 0%+ q(t) = 2. (1.36)

Remark 9. Let for some n >1
pjeraz € Li([0,T)), kj=1,...,m, (1.37)

where the functions ¢; are defined by (1.24), (1.34), (1.35). Then there exists a
solution u(.,£) € C?(]0,T)) of the equation (1.28), representable in the form (1.10),
(1.10") with m = 2.

Consider the m-th order (m > 2) partial differential equation

m—1
Lu=0l"u+ Y > aw()0fofult,s) =0, tel0,T, zeR", (1.38)

k=0 |a|<m—k
where « is a multi-index and

0, =0/0y, 0,=(0)0x",...,0/0z"™). (1.39)

Using Fourier z-transformation (1.4), from (1.38) we get the ordinary differential
equation (1.1) with

0=1, gm it = Y a()i® (1.40)
laf<m—k
The Cauchy problem
oFu(0,2) = gp(z), z€R", k=0,...,m—1 (1.41)

for the equation (1.38) is called well posed or correct if for any gx(x) € H* there
exist unique solution v € C™([0,T]), H*) of (1.38), (1.41) and for any l,e > 0
there exist p,d > 0 such that

m—1

m—1
kZ:OHgk(x)Hpéé implies ;Jr[g%llaiu(t,x>l|z§a



Let {1;(t,€)}7L, be a fundamental system of solutions of (1.1), (1.40).
The following theorem of Petrovsky is well known.

Theorem 5 The Cauchy problem (1.38), (1.41) is well posed if and only if there
exist ¢ > 0, p € R such that

[P;(t,8)] <c(1+[P), j=1,...m, £€R" tec]0,T]. (1.42)

From Theorems 2 and 5 follows the following statement

Theorem 6 Let there exist functions {¢;(t,£)}7., satisfying conditions (1.2),
(1.5) and (1.8). The conditions
loi (O <c(I+EP), j=1,...m, &eR"te[0,T] (1.43)

are necessary and sufficient for correctness of the Cauchy problem (1.38), (1.41).

3. NEW FORMULA FOR ENERGY. PROOF OF THEOREM 1

Let {t;(t,£)}7; be the fundamental system of solutions of the equation (1.1).
Then the general solution of the (1.1) is

u(t,§) = Cr(Y1(t, &) + - .. + Cn()Ym(t, £), (2.1)
where C;(§) € Ly(R™) are arbitrary functions.
Differentiating (2.1) k times by ¢ (k = 0,1,...,m — 1) and resolving by C;(§) we
get
CJ (g) = (1/W(w)) W(’lz)la s 7’(/}j—17 u, wj-‘rl) LR ¢m)7 (22)

The nonnegative expression
E(t,6) =) _1C;(&) (2.3)
j=1

we call energy density. }
Then energy conservation law 0y E = 0 follows from independence of C; () on time.
For arbitrary ¢;(.,£) € C™(]0,7]), j = 1,...,m, with W(p) # 0 we define

auxiliary functions w’(¢,€), j =1,...,m putting
Ofu =l (t,6) Ofp;(t,€), k=0,...,m—1, (2.4)
where summations over j = 1,...,m are done. Bellow for ¢; we will choose ap-

proximate solutions of the equation (1.1).
From (2.4) using (1.9) we get

’U,j(t,f) = W(@l, LRI gpj—hua Pit1y---s ()Om)/W(@)}a

ul (t,€) = g;(&) +o(1), t—0, j=1,....m (2.5)
while (2.4) and (1.1) imply

ul(t,€)0Fp;(t,€) =0, k=0,1,....m=2, u](t,£) 0" ‘p;(t,&) = —u(t,&)Lp;(t,€), j

(2.6)
and
! (,€) = —uF(£,£) $™ Low /W (p), j=1,...,m, (2.7)

where ®™ are algebraic minors of the matrix ®.
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Multiplying (2.7) by v/ and adding the complex conjugate relation, we get
where
Kt =Y W Hp)®™ Lol E(t,6) =) [/ (P (2.9)
k,j=1 j=1
Here F is the approximate energy density considered in [6]. Using Gronwall in-
equality, we obtain from (2.8) the main energy estimate

¢
B(t.€) < B0, explc | K(r.)dr) (210)
0
In view of (1.8), (2.5) and E(0,§) = in: lg;|* this implies Theorem 1.
j=1

4. PROOF OF THEOREMS 2 AND 3

We remind Levinson’s asymptotic theorem. Consider the system of ordinary dif-
ferential equations

y'(t) = [R(t) + B()ly(t), €0, T, (3.1)
where R(t) = diag{r1(t),...,mn(t)} is a diagonal matrix. We assume that R(t) and
B(t) are m x m matrices and

R(t), B(t) e C(0,T)). (3:2)
If B(t) = 0, then (3.1) has the system of solutions
¢
y; (1) :exp/ ri(s)ds, j=1,...,m. (3.3)
T

Theorem 3.1 (Levinson) The conditions
1) [TlIB(s)||ds < oo and
2) Re{r;j(s)—ri(s)} do not change the sign for any fixed jand k=1,...,m. s¢€
10,71
imply that the system (3.1) has solutions y;(t), j=1,...,m such that

t
l®) = G3e(t) + 0 exp [ r5() s (3.4
T
}iH(l)Ekj(t) =0, kgj=1...,m. (3.4
Proof of Theorem 2 Transform (1.1) to the form
v+ Av =0, t€]0,T], (3.5)
where
0 -1 0 0
0 0 -1 0
v = colon(u, uy, ..., 0" tu), A=
G o e @2 @
Letting

v=dw (3.6)



from (3.5) we obtain the system

wy +Gw =0, t€]0,T], (3.7)
where G = ®~1(A® + ®;). By direct computation we get
Grj = @™ Lo /(W(p), k,j=1,...,m. (3.8)

Applying to Theorem 3.1 (3.7) with R =0, B = —G, in view of (1.8) (co = 0), we
get

wij = Okj +ex;(HE), kj=1,...,m, (3.9)
where §j; is the Kroneker symbol, and
€x;j — 0, when ¢— 0. (3.10)

Returning to the previous variables (3.6) we get (1.10), (1.10”).
Let us prove the estimates (1.11). Integrating (2.7) over [0, ¢] yields

ul (t,€) = g;(& /W (1,6)¢™ Lop(1,€)dr, j=1,....,m  (3.11)
or
|u3(t7§)|§|gj(f)|+/0 W= @)u"(7,€) 9™ Loy (7, €)|dr, j=1,...,m.

Adding up these estimates we obtain

Ut &) <G(¢ /K’Tf (1,8)dr (3.12)
where

=> [t G => lgi&)
s P

Z (W)™ Lo (7, €)]-
k,j=1
By Gronwall inequality, from (3.12) we get

Ul(t, ¢ exp/ K(r,8)d (3.13)

For €;(t,&) = v/ (t,&) — g; (&), j=1,...,m, in view of (3.11), (3.13) we obtain

£5(t,6)] < / W1 () u(r, €)™ Loy (7, ) | dr < / K(r,€)U(r.€)dr <

<ot [ K(r6) {exp R dy} dr < G(9) [—1 row [ K(r6) dr] .

The proof of (1.11) is complete. Expressions (1.10), (1.10") may be obtained in
similar way, after we note that using Lebesgue theorem from (1.8) ¢z = 0, (1.11)
we can get (1.107).
From (1.8) we get exp f(f K(r,&)dr < ¢ < &>™" and from (1.11) we obtain the
estimates (1.11).
Proof of Theorem 3 Letting
v=Pw (3.14)



10

from (1.12) we get the system of equations
wy = LAY — U )w. (3.15)
Applying Theorem 3.1 to (3.15) we obtain Theorem 3.

5. EXAMPLES

Example 1. Consider mth order ordinary differential equation

O y(t) + Y a;(1) 9" y(t) = 0. (4.1)
j=1
Let p; (j =1,...,m) be the roots of the characteristic equation

I(t,p) =p™+ > q;(t)Y) =0, (4.2)

j=1

and the functions ¢; be defined as (see [4]):
(s, ay(s) = pyls) — 30 — 2 (4.9
<p<:exp/ oi(s)ds, o;(s)=p;(s)— ——— j=1,...,m. (4.3

J . A= 2 ) = pas)

Under assumptions (1.8) of Theorem 2, solutions of the equation (4.1) exist that
can be represented in the form (1.10), (1.10”).

Example 2. Let in the equation (1.28)

q(t,€) = =2 (4.4)

Case 1: € <0, § > 0. In this case the condition (1.30) is fulfilled and one can get
asymptotic solutions using JWKB-estimates (see Remark 6).

Case 2: ¢ = 0. (Euler equation). In this case exact solutions have the form ¢
Case 3: € > 0. If we choose in (1.24), (1.34)

ar1(t) =B —e) et e £1,

a1(t) = —=LFlnt, =1, (4.5)
then from (1.35) we get the expressions
apr(t) ~ 257 k=1,...,n. (4.6)

If € > 27", then the conditions (1.37) are fulfilled and Remark 9 can be applied.

Example 3. Consider the equation (1.19) with g = |£]? + «(t), that is

[0F +[€° + a(®)]u(t,€) =0, te]o,T]. (4.7)
Letting
o2 =+i || +6(1), (4.8)
from the condition (1.23) (cz = 0) we obtain
2
05 on {B+ W} € Li([0,T]), k,j=1,2, £€R",  (49)
or

B, Be+B° +ae Li([0,T)). (4.10)
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Let
B(t) = ai(t) + ...+ an(t), (4.11)
where o, are defined by (1.35).
In the case
a=t", 0<~y<2 (4.12)
from (1.35) we get
=y =) e ~taR  ~ Y w=2" 1271, (4.13)
From (4.13) follow the conditions (1.37) of Remark 9:
ary € Ly([0,T]), for 0<~vy<2. (4.14)

From Remark 9 the following proposition follows.

Proposition 1 Let the condition (4.14) be satisfied. Then for the solutions u
of the equation (4.7) the representations (1.10), (1.10”) (with m = 2) hold, where
the functions ¢, are defined by (1.22), (4.8), (4.11), (1.35).

Example 4. Consider the radial Shrodinger equation

L = [02 + k> = V() =0 (4.15)
with generalized Coulomb potential
V = por—2 4 prr= 53 4 por= 3 4 par=t + par—2/3 4 per— /3,

po=1l(+1), 1>0.
Case 1: » — 0. We look for approximate solutions of (4.15) in the form
1 =r*uy(r)exp(ikr), @2 = r*?us(r)exp(—ikr), (4.16)
iy =14 B3 4 Bor®/3 4 Bar + 4 B/,
pa = 14+ yrt/3 4 40?3 foyar g3 4yt /3
The coefficients o; and m; we define from the expressions:
prtpy = oor P o Bt o+ a3 B4 o = B /3,
-1, _ —-5/3 —4/3 -1 _
1 pq = mor +mqr +mor— +..., mg=—23)/9. (4.17)
By direct computation

o7 Loy = (@®—a—po)r 2+ (2a00+mo—p1)r 242001 +my—pa)r 43 4. 4or0/3 1 0(r(575)/3),

(4.18)
We choose a, 3, j = 1,...,s to reduce the coefficients by the powers of r to
zeros. This yields
9p1
=1+1 = = — 4.19
ar=1+1, a . B 3Ba—1) (4.19)

We also have
W (2, 1) = ra((ar — a2)/r + 2ik + (In(py /)] = 1+ 0(r*/3), 7 —0.
W_l(gal, w2)prLp; < er~2H(=8)/3 ¢ Li([0,1])), k,j=1,2, (4.20)

if s > 60+ 2.
Case 2: k> 0, r — oo. We choose approximate solutions of (4.15) in the form

sm,zexp{ii / {kzvl}”zd’"}, Vi(r) = ps/r + pa/r®/3 + ps/r'/3. (4.21)
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The condition k > 0 implies existence of R such that k2 — V; > 0 for » > R.
We have

W(@Qa 801) = ZZ{kQ - V1}1/2 = 0(1)7 P1, P2 = O(l)a r— 00,
W_l(SDL@Q)SOkL‘Pj = O(T_4/3) € L1[17OO)7 k7.7 = 172

Case 3: k=0, ps <0, r— oo.
We choose approximate solutions of (4.15) in the form

pr2=V; texpLi {/ Vv, (r) dr} . Vo= —pafr —pa/r¥? — ps/r/3, (4.22)

W_l(gplv %02)%0kL907 = O(r_7/6) S L1[17 OO), k7] = 17 2.
For the general solution % of the equation (4.15) we will have
Ok = [C1+0(1)]0% 01 +[Co+0(1)]0F s, r—0 or r—o00, k=01, (4.23)

where @1, @2 are defined by (4.16),(4.21) and (4.22).
Note that in case k = 0, p5 > 0, r — oo the conditions of Theorem 2 are satisfied
and representations (4.23) with asymptotic solutions (4.22) can be proved only for

k=0 ([3))-

Example 5. Consider the Chaplygin equation ([1])

2.,—2
Fyg — %F YR, =0, e= % (4.24)
or
Fyy — N2 Fpg — vN?F, =0,
where

A=cw—0c)2c732 o =012 (c+ )3 — ew?) V2
We want to find asymptotic solutions of the equation (4.24) near singular hyper-
plane v = ¢. Substituting
F = a(v)u(v, ) (4.25)
we obtain the equation

Choosing
1 v
a = exp [2/ vA%(v) dv] (4.26)
C
and applying Fourier transformation
i(0,6) = [ exp(-ite)u(v. 0)a0,

we get the equation

Ty + (E20% + 271 (wA?), — 27202\ = 0. (4.27)
The transformation

v
= N = [ Ao (129
c

yields
Piz =z, + (1+p772)z(1) =0, (4.29)
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where
2

B=[1/2+vA/XA = 0v2N2/4 + 47 NTH(BA2 = 200,,)] [/ A(v) dv] . (4.30)
We look for asymptotic solutions of (4.29) near singular points 7 = 0, 7 = 0.
Denoting z = 2 — 1, we get
A=2"20c7t, o= (z+ 1) Yo +2)V21—e(z+1)47 V2
Near z = 0 we have

2 3
o =009 +01x+ 022" +032° + ...,

where
3 ~—-1 3
—9l/2(1 _)~1/2 = 1)1/2 o __€¢ s_J-Li 9
o =21 -0 = (e, Do DT
and so on. We determine pg, p1,... from the relations
Az 1 Oy 1 9 3
—_— = — —_— = — O
3 2x+a 2x+po+p1x+pgx + O(x7),
where
o1 209 9 O 9 ~y—1 37
po="-=0-1D2=3/4 p=""==(01/00)" = ;(v=1)"+ ——+ 35

and so on. From (4.28) we get

and y
r=——1= [371¢| 71 (y + 1)71/2)2/3272/3,

We define kg, k1, ... by the relation

v 2
[/ A(v) dv] A2 =422 (ko + k1o 4+ O(2?).

This yields
97 67

1 o9 (yv=12 11
72007 "V 50

ko=1/9, k= — — 22 — _ —
0=1/9, k= 900 2 T

3N2 0 Ay (/cv A(s)ds>2 N {7 B B(W 1)+ E(’y 1) (y— 1)3] z4+0(2?).

(y—1)?

402 2) T 36 48 [8 12 6
Representing (4.30) in the form
B =00+ Bt + Bor?? + +0(7),

we find
Bo=5/36. (=0, fr=x [; ~ =D+ (=12 (- 1)3} (3l ¢+ 1) /2271] .
We are looking for solution z of the equation (4.29) in the form

21 =7+ muT + mer? +0(79%), 20 =772 (4.31)
For small 7, substitution of (4.31) in (4.29) and the choice
Bi

—, j =12
a;(1 = ay)

Yy=1)+Bo =0, ar=m+1/3, ax=m+2/3, m;=
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or

Pa

=1/6 =5/6 =1/2 =5/6 =0 = —
" /6, 72 /6, /2, @ /6, ma y M2 an(l — ag)

36
=5 b
yields

Pz = [’}/1 ('yl—1+B0)T"“_2—1—7"1_2[m1a1(al—l)—l—ﬁl]—i—T"z_Q[mgaz(ag—l)—&—ﬁg}—1—637'71_14—. L= O(Tvl_l)

or
lelzl = 0(7'2%_1)7 22P122 = O(T272_1).

In view of 713 > 0, 279 > 1, we obtain estimations for error functions
1
/ |zjPrzgldr < oo, k,j=1,2.
0

Applying Theorem 2 we get

[Cy exp(iT) + Cyexp(—iT)](1 + 0(1)), T —o00, T isreal,
2= [C3(TY0 4 my7®2) + C47%/5)(1 + 0(1)), T—0, 7 is real,
C5(1 + o(1)) exp(—iT), T — 00, Re(iT) >0,

or in the previous variables

(Ciap1 + Copo)(1+0(1)), 7> N —o00, v>c,
u=q(C3¢3+Cythy)(1+0(1)), T<N—0, v>g,
05(1 + 0(1))¢57 T>N— x, c>wv,

where

v v 5/6
wl,z={5|A<v>}-1/2exp{ﬂ|fs| / A(s)ds}, a = €A1 ( / A(s)ds) ,

ton ([Moas) /] |

-1+ =12 - 6o,

Py = {|E|A(v)} /2 <|£| /c” AGs) ds>1/6

7 13
_ 1)-1/335/39-8/3 | L _
v=(y+1) ETL
If v = 1, then v = 35/32767 and

s = (el 2exp { el [ (o) h = (=02 ety

Note that if Rep > 0 then p = @A,
Using the asymptotic behavior of A we get

A=(v+ 1)1/2673/2(1} — 6)1/2, / As)ds =237 (y + 1)1/2073/2(1) - 0)3/27

and obtain an asymptotic representation for solutions of Chaplygin equation:

[1+ o(D][E] 12w — o)~V Cr exp[ 24 (v + 1)1 (v — 0)3/2e73/2 4

Crexp[ 5oL (y + 1) (0 — )2, i v>e, g0 =) = oo,

(1+ o({CslE| "3 + v (v — ¥ + Cav — )¢/}, v>e [€l(w—0)¥2 =0,
(1+0(1)C5l¢|~1/2(c — v) V4 exp[ 2 (v + 1) /2 (¢ — v)?/2c73/2},

if c>v |¢(c—v)*? — 0

)
I
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_ _ 7 13 11
v = (y+ )V B - Sy ) (= 1P - (- 1)
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