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We report a dynamic light-scattering study of the fluctuation modes in a thermotropic liquid crystalline
mixture of monomer and dimer compounds that exhibits the twist-bend nematic (NTB) phase. The results
reveal a spectrum of overdamped fluctuations that includes two nonhydrodynamic modes and one
hydrodynamic mode in the NTB phase, and a single nonhydrodynamic mode plus two hydrodynamic
modes (the usual nematic optic axis or director fluctuations) in the higher temperature, uniaxial nematic
phase. The properties of these fluctuations and the conditions for their observation are comprehensively
explained by a Landau-de Gennes expansion of the free-energy density in terms of heliconical director and
helical polarization fields that characterize the NTB structure, with the latter serving as the primary order
parameter. A “coarse-graining” approximation simplifies the theoretical analysis and enables us to
demonstrate quantitative agreement between the calculated and experimentally determined temperature
dependence of the mode relaxation rates.
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I. INTRODUCTION

The twist-bend nematic (NTB) phase is a fascinating new
addition to the family of orientationally ordered, liquid
crystalline states of matter. It has been described as the
“fifth nematic phase” [1], complementing the uniaxial,
biaxial, chiral helical (cholesteric), and blue phase nem-
atics. Originally proposed by Meyer [2], and later elabo-
rated on theoretically by Dozov [3], the existence of the
NTB phase was suggested experimentally [4] and sub-
sequently confirmed [1,5] in low-molecular-weight liquid
crystals (LCs) containing achiral dimers having an odd-
numbered hydrocarbon linkage between the mesogenic
ends. Interest in these materials was also inspired by
simulation studies [6], which predicted a nematic-nematic
transition in LC dimers with odd-numbered linkages.
The NTB state possesses some remarkable properties.

First, the average local molecular long axis (specified by a
unit vector n̂ called the director) simultaneously bends and
twists in space. In the case of LC dimers with odd linkage,
the specific tendency to bend is presumably caused by an
all-trans conformation of the molecules, which results in a
pronounced bent shape. The addition of twist allows the
bend to be uniform everywhere in space. The combination

of bend and twist produces an oblique helicoidal (or
heliconical) winding of the director (Fig. 1), with a
temperature-dependent cone angle β (angle between n̂
and the helicoidal axis) of magnitude ranging up to
approximately 30° [5,7]. This differs from an ordinary
cholesteric LC phase, where a pure twist of n̂ results in a
right-angle helicoid (β ¼ 90°).
Second, the helicoidal pitch in the NTB phase is on a

molecular scale—i.e., on the order of 10 nm [1,5]—
compared with cholesterics, where the supramolecular
pitch typically exceeds 100 nm. The much larger pitch
of a cholesteric may be attributed to the relative freedom of
rotations around the long molecular axes, when the latter
are orthogonal to the helical axis (β ¼ 90°). This configu-
ration mitigates the chiral part of intermolecular inter-
actions [8]. By contrast, in the NTB state (with β < 90°), the
bend-imposed hindrance of molecular rotations results in a
much shorter, nanoscale modulation, which, however,
remains purely orientational in nature—i.e., there is no
associated variation in mass density (no Bragg peak
detected by x-ray scattering [1,4,5]).
Third, and again unlike a cholesteric, the component

molecules of NTB-forming LCs are typically achiral. Thus,
the chiral nature of the helicoidal structure is spontaneously
generated, with degenerate domains of left- and right-
handed helicity.
Finally, although the NTB phase shows no evidence of a

macroscopic polarization, the flexoelectric effect [9] asso-
ciated with spontaneous bending of n̂ and the recent
observation of an electroclinic effect [10] in the NTB phase
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suggest that a short-pitch helical polarization field is tied to
the heliconical director structure (see Fig. 1). A recent
theory [11] describing the transition between uniaxial and
twist-bend nematic phases invokes such a polarization field
as the primary order parameter.
Despite the intense experimental and theoretical efforts

to explore the NTB phase, the nature of collective fluc-
tuation modes associated with the short-pitch helicoidal
structure remains an open question. It is a vital one to
address since the spectrum and dispersion of these modes
are closely related to the basic structural features and to the
relevant order parameter(s) and because properties of
the fluctuations provide an important test of theories
describing the formation of the NTB state. Although
previous dynamic light scattering (DLS) measurements
[12] revealed a softening of the elastic constant associated
with bend distortions of the director above the N-NTB
transition, they did not probe fluctuation modes specifically
associated with the heliconical NTB structure. Here, we
report, to the best of our knowledge, the first DLS study of
fluctuations within the NTB phase and their critical behavior
near the transition. Our measurements reveal a pair of
strongly temperature-dependent nonhydrodynamic modes
plus a single hydrodynamic mode in the NTB phase, and a

single nonhydrodynamic mode and pair of hydrodynamic
modes (the usual director modes of a uniaxial nematic) in
the higher-temperature nematic phase. We demonstrate
excellent agreement between the behavior of the observed
modes and new theoretical predictions based on a “coarse-
grained” version of a Landau-de Gennes free energy for the
nematic-to-NTB transition [11].
The coarse-graining approximation, inspired by signifi-

cant earlier theoretical work on cholesterics [13,14] and
appropriate in the limit of helical pitch much shorter than
an optical wavelength, treats surfaces of constant phase
in the heliconical structure as “pseudolayers.” Within this
approximation, which has previously been used to explain
the effect of high magnetic fields on the NTB phase [15] and
to account for its flow properties [16], the normal fluc-
tuation modes involving the director may be mapped onto
those of a chiral smectic-A phase, with effective layer
spacing equal to the pitch, effective director parallel to the
local pitch axis, and effective elastic constants that arise
from the short-pitch orientational modulation rather than
from a true mass density wave.
An alternative approach to coarse-graining the NTB phase

has recently been proposed by Meyer and Dozov [17]. It is
based on a negative bend elastic constant model of an
unstable nematic that induces the twist-bend state [3], and it
describes the coarse-grained NTB phase as an effective
chiral smectic-A phase, with smecticlike elastic constants.
Expressions for these are given in terms of parameters β and
q0 of the NTB phase and the Frank nematic elastic constants.
The model predicts one hydrodynamic and one nonhydro-
dynamic fluctuation mode in the NTB state, analogous to the
layer compression or bending and layer tilt modes of an
ordinary smectic, and it accounts for some (but not all) of our
experimental results.
While our coarse-graining approach is generally con-

sistent with that of Ref. [17], it provides significant new
elements that (1) enable a complete explanation of the
modes observed in our experiment (including an additional
nonhydrodynamic mode observed in both NTB and nematic
phases) and (2) relate all of the modes to microscopic
fluctuations of the polarization as well as the director field.
Our theoretical approach highlights the central role of a
helical polarization field in describing the nematic-to-NTB
transition—an aspect that fundamentally distinguishes the
NTB phase from the other known nematic LC states,
including, in particular, the cholesteric phase.
It is worthwhile to briefly review other theoretical studies

that describe the twist-bend nematic state and its transition
to the uniform uniaxial nematic. Lelidis and Barbero [18]
further develop the elastic theory of Ref. [3] by explicitly
examining the Euler-Lagrange equation that minimizes a
free-energy functional that depends only on first derivatives
of the director out to quartic order. Kats and Lebedev [19]
developed a Landau theory based on a two-component
vector order parameter ϕ (where ϕ · n̂ ¼ 0), varying on the

FIG. 1. Left diagram: Schematic representation of the NTB
phase structure, showing heliconical director n̂ (with cone angle β
and helical pitch t0) and helical polarization field P. Right
diagram: Frame of reference used to describe spatial variations
of the average director or pitch axis, t̂, on length scales much
longer than the pitch (see Sec. IV). The orthogonal unit vectors ê1
and ê2 form a right-handed system with t̂. The xyz axes are fixed
in the laboratory frame.
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10 nm scale along the direction of the nematic director n̂, as
the twist-bend phase order parameter. Alternatively, Virga
[20] and Barbero et al. [21] introduce a helix axis t̂, with
n̂ · t̂ ¼ cos β, and analyze the elastic properties of t̂.
Reference [21] further analyzes the uniform nematic to a
twist-bend nematic transition. Also, Greco et al. [22] have
extended the concepts of the molecular-level mean-field
Maier-Saupe model for rodlike molecules to the case of
bent-core dimeric molecules. The onset of the twist-bend
nematic is characterized by a polar-order parameter along
with a pitch and cone angle. The polar order parameter has
some features in common with the polarization in the
flexoelectric model of Ref. [11], but a detailed comparison
has not been made in order to elucidate differences.
The nature of the fluctuation modes based on each of

these theories has not been published as far as we know,
except for some discussion in Ref. [19] of a hydrodynamic
mode in the twist-bend phase corresponding to pseudolayer
rippling.
The body of this paper is organized as follows: In Sec. II,

we provide essential details about the experimental setup
and procedures, while Sec. III describes the key exper-
imental results. Section IV presents a detailed discussion of
a Landau theory for a N-NTB transition and the coarse-
graining approach to calculate the normal fluctuation
modes associated with the twist-bend structure. The theo-
retical predictions are compared to the experimental results
in Sec. V, and Sec. VI summarizes our findings and offers
some concluding remarks.

II. EXPERIMENTAL DETAILS

DLS measurements were performed on a 30=70 wt%
mixture of the monomer and dimer compounds shown in
Fig. 2 [23]. This mixture has the phase sequence isotropic→
(uniaxial) nematic ðNÞ → NTB → crystal in cooling, with a
N-to-NTB transition temperature, TTB ¼ 94.2 °C (measured
with a calibrated platinum resistance thermometer in our
light-scattering oven). The NTB phase in this system has
been characterized by a variety of techniques [5]; for
our purposes, its choice afforded the possibility to
obtain high-quality alignment of the average director
(optic axis) in either homogeneous planar or homeotropic
configurations—i.e., with average n̂ parallel or normal to
the plane of the optical substrates, respectively—using thin
(5 μm) cells with appropriate surface treatments.
Our DLS measurements utilized two depolarized scat-

tering geometries—G1 and G2, depicted in Fig. 2—in
which homodyne time correlation functions of the depo-
larized scattered intensity of laser light (wavelength
λ ¼ 532 nm) are collected as a function of scattering vector
q and temperature T.
In geometry G1 (Fig. 2), the average director is planar

aligned and oriented perpendicular to the scattering plane.
We set the wave vector ki of the incident beam to an angle
θi ¼ 0° (measured with respect to the substrate normal) and

varied the direction of wave vector ks of the scattered light
(described by scattering angle θs relative to the substrate
normal). In the nematic phase, for large θs, this geometry
probes nearly pure splay fluctuations of the director with
relaxation rate Γn

1 ∼ q2.
In geometry G2, the average director is parallel to the

substrate normal (homeotropic alignment) and lies in
the scattering plane; in this case, depolarized DLS in the
nematic phase probes a combination of overdamped twist
and bend fluctuations of n̂—the hydrodynamic twist-bend
director mode, with relaxation rate Γn

2 ∼ q2. The incident
wave vector ki was fixed at θi ¼ 15° or 35°, while the
direction of ks was varied between θs ¼ −10° and 50°,
with respect to average n̂. When θs ¼ 0°, ks lies along hn̂i,
and the scattering from director fluctuations is nominally
extinguished (“dark director” geometry). This choice of θs
provides an opportunity to detect fluctuation modes that do
not originate from n̂ and contribute to the dielectric tensor
in their own right.

III. RESULTS

Figure 3 shows polarizing microscope images of a
homeotropic sample of the mixture during the uniaxial
nematic–to–twist-bend (N − NTB) transition, with the
lower left part of each picture corresponding to the N
and the upper right part to the NTB phase. Figure 3(a)
confirms the high quality of the homeotropic alignment of

FIG. 2. Top diagram: Light-scattering geometries G1 (left) and
G2 (right) described in the text, with the average director (optic
axis) in the sample cell indicated by the arrow pointing out of the
page for G1 (homogeneous planar alignment with average n̂
normal to the scattering plane) or the downward arrow for G2
(homeotropic alignment with average n̂ in the plane). The
orientations of polarizer and analyzer are similarly indicated.
Bottom diagram: Chemical structure of the monomer and dimer
compounds utilized for the present study. The 30=70 wt%
mixture exhibits a N-NTB phase transition at 94.2 °C.
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the average director and its persistence across the N − NTB
transition. In the NTB phase, the average value of n̂ is the
pitch axis t̂ of the heliconical structure, which is oriented
perpendicular to the substrates (image plane in the figure).
Under an applied ac voltage (5 V @ 10 KHz), a second-
order Freedericsz transition (reorientation of the average
director in the center of the sample) is observed in the N
region, while the NTB region is unchanged [Fig. 3(b)]. In
the NTB region, the reorientation occurs at a higher voltage
[7 V @ 10 KHz, Fig. 3(c)], and in the form of propagating
focal-conic domains (FCDs), such as is usually observed in
smectic liquid crystals with negative dielectric anisotropy
[24,25]. The “pseudolayered” nature of the heliconical
structure [15] is reflected in the gradual relaxation of the
FCDs to homeotropic alignment after removal of the field.
As Fig. 3(d) indicates, the slow relaxation rate and presence

of FCDs are quite distinct from the behavior observed in the
nematic phase.
Figure 4 displays representative normalized DLS corre-

lation functions recorded in the nematic and twist-bend
phases of 5-μm-thick samples of the LC mixture for
geometries G1 and G2. In the “splay” geometry (G1), a
single overdamped fluctuation mode is detected in both N
and NTB phases. By scanning θs, we determined Γn

1 ∼ q2

with Γn
1=q

2 in the range 10−11–10−10 s−1 m2. Thus, splay
fluctuations of the optic axis are hydrodynamic on both
sides of the transition.
The spectrum and behavior of modes detected in

geometry G2 are more interesting. In the nematic phase
(above TTB), two overdamped modes are observed in the
range of θs studied: the expected hydrodynamic twist-bend
director mode with relaxation rate Γn

2 ∼ q2 (see measured

FIG. 3. Polarizing microscope textures for a 5-μm-thick ho-
meotropically aligned sample of the studied mixture. The optic
axis is normal to the image plane, and the sample is placed
between crossed polarizers. (a) Separate regions of N and NTB
phases observed at the transition between the two; the boundary
is marked by the dashed line. Both regions are uniform and dark,
indicating high-quality homeotropic alignment of the director n̂
in the nematic and pitch axis t̂ in the NTB phase. (b) Under an
applied ac voltage (5 V @ 10 KHz), a second-order Freedericsz
transition (reorientation of n̂ in the center of the sample) is
observed in the nematic region, while the NTB region is
unchanged. (c) Under higher voltage (7 V @ 10 KHz), the
NTB region undergoes a first-order reorientation of t̂ in the form
of nucleating toroidal focal conic domains (FCDs) and expanding
stripes of splay and saddle-splay deformations of t̂. (d) Several
seconds after the voltage has been switched off, the nematic
region relaxes back to the homeotropic state, whereas the NTB
region relaxes considerably slower.
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FIG. 4. Top panel: Normalized homodyne DLS correlation
functions taken in the nematic phase of the studied LC mixture
for (a) geometry G2 with T − TTB ¼ 16.2 °C and angles
θi ¼ 15°, θs ¼ 40°, (b) G1 with T − TTB ¼ 6.0 °C and θi ¼ 0°,
θs ¼ 60°, and (c) G2 with T − TTB ¼ 16.2 °C and θi ¼ 15°, θs ¼
0° (“dark” director geometry). Solid lines represent fits to a single
exponential decay, except for (c), which is fit to a double
exponential with the slower component stretched. Bottom panel:
Normalized correlation data taken in the NTB phase for (a) geom-
etry G2 with T − TTB ¼ −0.93 °C and θi ¼ 15°, θs ¼ 40°, (b) G1
with T − TTB ¼ −1.1 °C and θi ¼ 0°, θs ¼ 60°, and (c) G2 with
T − TTB ¼ −2.5 °C and θi ¼ 35°, θs ¼ 0° (dark director geom-
etry). Solid lines are single exponential fits, except for a double
exponential in (c).
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q2 dependence in Fig. 5) of order ∼103 s−1 and
Γn
2=q

2 ≃ 10−11–10−10 s−1m2, and a faster, nonhydrody-
namic mode (Fig. 5) with Γp

2 ≃ 105 s−1 and independent of
q. (The meaning of superscript p will be clarified in the
next section.) The relaxation rates of both modes were
extracted from fits of the correlation data to double
exponential decays.
The presence of the fast mode in the DLS correlation

function is most evident in the “dark director” geometry
where θs ¼ 0° [see data labeled (c) in the top panel of
Fig. 4], although it contributes weakly for θs ≠ 0°.
However, even in the “dark” geometry where fluctuations
in n̂ do not contribute to the DLS to first order, we still
observe the decay of the slow director mode with a
significant spread in its relaxation rate. (The fit in this
case used a stretched exponential, with one additional
fitting parameter.) Alignment mosaicity and a consequent
broadening of the scattered wave vector ks relative to n̂
could produce a “leakage” of the slow director mode, but
that does not account for the fact that no significant spread
in Γn

2 ∼ q2 is observed for θs off the “dark” condition. An

alternative scenario based on an intrinsic coupling between
the fast and slow fluctuations is argued in Sec. V.
In the NTB phase, the relaxation rates and q dependence

of the modes observed in geometry G2 change signifi-
cantly. The twist-bend director mode, which dominates the
scattering for θs ≠ 0, develops a large energy gap; its
relaxation rate increases markedly below the transition
(T ¼ TTB) to values in the 105–106 s−1 range, and, as
evidenced in Fig. 5, becomes q independent. Thus, below
TTB, the twist-bend mode crosses over from a hydro-
dynamic to nonhydrodynamic mode. As we demonstrate
in Sec. V, the magnitude of the gap is consistent with
a modulation of n̂, whose period agrees with results
from freeze-fracture transmission-electron-microscopy
(FFTEM) [5] for the nanoscale periodic structure of the
NTB phase. Since the effective director (or optic axis) is the
pitch axis t̂, for clarity we label its relaxation rate as Γt

2

(replacing Γn
2).

Correlation data taken in the “dark director” geometry
(G2 with θs ¼ 0°) in the NTB phase reveal a second, even
faster nonhydrodynamic mode with a relaxation rate of
106–107 s−1 [see data labeled (c) in the bottom panel of
Fig. 4], about 10 times higher than the values of Γp

2 for the
fast mode in the nematic phase detected in the same
geometry. Additionally, and again as in the nematic, a
slow process—with relaxation rate comparable to that of a
hydrodynamic director mode—also contributes to the
correlation function.
In both phases, the total scattering intensity in the dark

geometry, θs ¼ 0°, is about 10 times weaker than the
intensity for neighboring angles θs ¼ �10°, where the
twist-bend director mode couples to the dielectric tensor
and dominates the scattering.
Figure 6 shows the temperature dependence of the

relaxation rates for the two nonhydrodynamic modes (Γt
2

and Γp
2 ) in the NTB phase, and for the nonhydrodynamic

mode (Γp
2 ) and hydrodynamic director mode (Γn

2) in the
nematic phase (see figure inset). These results were
obtained from analysis of correlation data taken at fixed
θi, θs in geometry G2. The nonhydrodynamic modes
clearly slow down significantly on their approach to TTB
from both sides of the transition, although on the low-
temperature side, the present data are limited to temper-
atures further than 0.9 °C from the transition.
The data points in the NTB phase are less dense,

especially close to the transition. The reason is twofold:
First, the scattered intensity from the fluctuation modes is
generally much lower in the NTB, so obtaining high-quality
homodyne correlation functions with good statistics was
not always possible during a temperature scan, especially
given variations in background scattering that we speculate
arise from evolving boundaries between left- and right-
handed chiral domains. Second, data for the faster non-
hydrodynamic mode were recorded in the dark director
geometry, where the scattered intensity was even lower and
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FIG. 5. Dependence of the relaxation rates of the fluctuation
modes detected in geometry G2 on the magnitude of the
scattering vector q. Circles and squares correspond to relaxation
rates Γn

2 and Γp
2 of the hydrodynamic director and nonhydrody-

namic polarization modes detected in scattering geometry G2 in
the middle of the nematic phase (T − TTB ¼ 25 °C). The scatter-
ing angles θs range from −5° to 45° for fixed incident angle
θi ¼ 15° (see definitions in Fig. 2, top right). The slope of the line
through the data on the log-log plot for Γn

2 is 2, indicating
Γn
2 ∼ q2. Diamonds and triangles correspond to relaxation rate Γt

2

of the nonhydrodynamic pitch axis fluctuations at temperatures
T − TTB ¼ −0.85 °C and −8.0 °C, respectively, in the NTB phase.
These data are limited to higher q (or θs in the range 25° or 35° to
65°) due to a large component of background scattering at lower
q, whose effect is exacerbated because of the low scattering
intensity from fluctuations in the NTB phase in the G2 geometry.
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the accurate homodyne correlation function even more
difficult to obtain.
Finally, the temperature dependence of the inverse total

scattered intensity (I−12 ), recorded in geometry G2, is
plotted in Fig. 7. These data were taken at fixed
θi ¼ 15°, θs ¼ 40°, where the dominant signal in the
NTB phase comes from the nonhydrodynamic mode cor-
responding to Γt

2, and in the nematic phase from the
hydrodynamic twist-bend director mode corresponding
to Γn

2 . As T → TTB from below, the decrease in I−12 mirrors
the decrease in Γt

2 (Fig. 6).

IV. THEORY

A successful model for the experimental fluctuation
spectrum must account for (1) the crossover from two
hydrodynamic modes and one nonhydrodynamic mode in

the nematic to one hydrodynamic mode and two non-
hydrodynamic modes in the NTB phase, (2) the identity of
the faster (nonhydrodynamic) mode detected in each phase,
(3) the coupling of this fast process to slower director
modes (evidenced in the data from the dark director
geometry), and (4) the temperature dependence of the
relaxation rates of the nonhydrodynamic modes. To this
end, we require a model free-energy density for the nematic
to twist-bend transition that contains relevant hydrody-
namic and nonhydrodynamic fields, and the appropriate
coupling between them.
Without developing a detailed theory, one could simply

deduce the basic nature and number of modes in the NTB
phase by exploiting the analogy between the NTB and chiral
smectic-A phase mentioned in the Introduction. This
analogy, which is useful when the length scale probed
experimentally is much greater than the heliconical pitch,
predicts the following: one hydrodynamic mode that
combines pseudolayer bending and compression (with
effective elastic constants Keff and Beff , respectively),
one nonhydrodynamic mode that involves tilt of the
average director relative to the pseudolayer normal (and
an additional elastic constant Deff ), and assuming chirality
produces a polarization, an additional nonhydrodynamic
mode due to fluctuations in a polarization field (parallel to
the pseudolayers), which is coupled to director tilt.
As noted in Sec. III, we have indeed observed one

hydrodynamic and two nonhydrodynamic modes in the
NTB phase, although the main focus of our present experi-
ments is the nonhydrodynamic modes. However, the
above-mentioned analogy by itself does not tell us how
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FIG. 7. Temperature dependence of the inverse of the total
scattering intensity I−12 recorded in geometry G2 for θi ¼ 15°,
θs ¼ 40°. The solid line is a linear fit of the data for T < TTB.
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the elastic constants Keff , Beff , Deff depend on temperature,
or how they are composed of more microscopic parameters
that characterize the NTB structure. Nor does the analogy
explain the nonhydrodynamic mode observed in the higher-
temperature nematic phase.
We therefore analyze the fluctuation modes starting from

a Landau-de Gennes expansion of the free-energy density
in terms of the heliconical NTB director and a helical
polarization field, and then subsequently (via a coarse-
graining approximation) obtain expressions for Keff, Beff ,
Deff . While alternative Landau-de Gennes models, such as
those presented in Refs. [17] and [19], may also account for
the spectrum of hydrodynamic and nonhydrodynamic
modes we detect in the NTB phase, our model, including
polarization fluctuations, successfully describes the nature
of these modes on both sides of the transition and, in
particular, their temperature dependence on the NTB side.
Let P represent a polarization field (vector order param-

eter) that originates, e.g., from the transverse dipole
moment associated with the bent conformation of the
dimer molecules, which promotes the formation of the
NTB phase. It is convenient to use a dimensionless form for
this order parameter, p ¼ P=Psat, where Psat corresponds to
the saturated polarization at low temperatures.
The free-energy density expanded in terms of the fields n̂

and p reads [11]

FNTB ¼ K1

2
ð∇ · n̂Þ2 þ K2

2
ðn̂ ·∇ × n̂Þ2

þ K3

2
½n̂ × ð∇ × n̂Þ�2 þ μ

2
jpj2 þ ν

4
jpj4

þ κ

2
ð∇pÞ2 − Λ½n̂ × ð∇ × n̂Þ� · pþ ηðn̂ · pÞ2: ð1Þ

Here, K1, K2, and K3 are the Frank elastic constants for
splay, twist, and bend distortions of the director n̂. The
coefficient μ ¼ μ0ðT − T0Þ is the temperature-dependent
Landau coefficient for the polarization p (μ0 being a
constant), while ν > 0 is a higher-order, temperature-
independent Landau coefficient. The elastic constant κ
penalizes spatial distortions in p, and the coefficient Λ
couples pwith bend distortions. The last term (not included
in Ref. [11]), with η > 0, favors polarization perpendicular
to the nematic director and is consistent with bend
flexoelectricity. Because p is defined to be dimensionless,
the Landau coefficients μ and ν carry the same units, and κ
has the same units as the Frank constants.
In the NTB phase, the director field has the heliconical

modulation

n̂ ¼ ẑ cos β þ x̂ sin β cosðq0zÞ þ ŷ sin β sinðq0zÞ; ð2Þ

with pitch wave number q0 and cone angle β. (Note that
sin β was called a in Ref. [11].) We assume the polarization
field has the helical modulation

p ¼ x̂p0 sinðq0zÞ − ŷp0 cosðq0zÞ; ð3Þ

with magnitude p0, perpendicular to n̂ and to the pitch axis
ẑ [26], as shown in Fig. 1 (left side). In the nematic phase, β
and p0 are both zero, while q0 is undefined; in the NTB
phase, these quantities all become nonzero.
We proceed by inserting Eqs. (2) and (3) into Eq. (1) for

FNTB, and then minimizing with respect to q0, β, and p0 in
order to obtain relations among these parameters in the
ground state. For this calculation, we follow Ref. [11] and
generalize it to the case of the weak polar elastic constant κ,
which will turn out to be physically relevant. First,
minimization with respect to q0 gives

q0 ¼
Λp0 sin β cos β

κp2
0 þ K3sin2βcos2β þ K2sin4β

; ð4Þ

and minimization with respect to β gives

sin2β ¼ − κp2
0

K2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κp2

0

K2

�
1þ κp2

0

K2

�s
;

or
ffiffiffiffiffiffi
κ

K2

r
p0 ¼

sin2βffiffiffiffiffiffiffiffiffiffiffiffiffi
cos 2β

p : ð5Þ

Substituting Eqs. (4) and (5) into the free-energy density
and expanding for small p0 and κ gives

FNTB ¼ 1

2

�
μ0ðT − T0Þ − Λ2

K3

�
p2
0

þ Λ2κ1=2K1=2
2

K2
3

jp0j3 þ
1

4
νp4

0: ð6Þ

From this form of the effective free-energy density, we can
see that there is a second-order transition from the nematic
to the NTB phase at the temperature

TTB ¼ T0 þ
Λ2

K3μ0
: ð7Þ

This transition is unusual because the relative magni-
tudes of the cubic and quartic terms in Eq. (6) depend on
the relative smallness of p0 and κ. Close to the transition,
where p0 ≪ ð4Λ2κ1=2K1=2

2 Þ=ðK2
3νÞ, the cubic term domi-

nates over the quartic term. By minimizing the effective
free energy, we see that p0 depends on temperature as

p0ðTÞ ¼
K2

3μ0ðTTB − TÞ
3Λ2κ1=2K1=2

2

: ð8Þ

This result is consistent with the scaling reported in
Ref. [11], with a slight correction in the numerical
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coefficient. By contrast, farther from the transition, where
p0 ≫ ðΛ2κ1=2K1=2

2 Þ=ðK2
3νÞ, the quartic term dominates

over the cubic term, and the prediction for p0 becomes

p0ðTÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ0ðTTB − TÞ

ν

r
: ð9Þ

From the general form for p0,

p0ðTÞ ¼ − 3Λ2ðκK2Þ1=2
2K2

3ν
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9Λ4κK2

4K4
3ν

2
þ μ0

ν
ðTTB − TÞ

s
;

the crossover between these two regimes occurs at

ΔTx ≡ ðTTB − TÞ ¼ 9Λ4κK2

4K4
3μ0ν

: ð10Þ

As an aside, this theory can easily be modified to
describe a first-order transition between the nematic and
NTB phases, by changing the fourth-order coefficient ν to a

negative value and adding a sixth-order term to FNTB in
Eq. (1). We have not done so here because the DLS data
give no indication of a first-order transition. However, such
a modification might be useful for analyzing the nematic-
NTB transition in other systems.
Now that we have determined the ground state, we

consider fluctuations about the ground state in the nematic
and NTB phases.

A. Nematic phase

In the nematic phase, we must consider fluctuations
in the director field about the ground state n̂ ¼ ẑ and
fluctuations in the polarization about the ground state
p ¼ 0. At lowest order, these fluctuations can be described
by δnðrÞ ¼ ðnx; ny; 0Þ and δpðrÞ ¼ ðpx; py; pzÞ. We insert
these expressions into the free energy FNTB [Eq. (1)] and
expand to quadratic order in the fluctuating components.
We then Fourier transform from position r to wave vector q,
and express the free energy as a quadratic form in nxðqÞ,
nyðqÞ, pxðqÞ, pyðqÞ, and pzðqÞ,

F ¼ 1

2

X
q

0
BBBBB@

nxq
pxq

nyq
pyq

pzq

1
CCCCCA

†0
BBBBBB@

K1q2x þ K2q2y þ K3q2z −iΛqz 0 0 0

iΛqz μþ κjqj2 0 0 0

0 0 K2q2x þ K1q2y þ K3q2z −iΛqz 0

0 0 iΛqz μþ κjqj2 0

0 0 0 0 2ηþ μþ κjqj2

1
CCCCCCA

0
BBBBB@

nxq
pxq

nyq
pyq

pzq

1
CCCCCCA
:

ð11Þ

By diagonalizing this quadratic form, we obtain five normal
modes:
(1) One hydrodynamic mode is primarily splay-bend

director fluctuations, combined with some polarization
fluctuations. Its relaxation rate is the ratio of the free-
energy eigenvalue to the relevant viscosity coefficient γn,
which gives

Γn
1 ¼

K1q2⊥ þ Keff
3 q2z

γn
ð12Þ

in the limit of a long wavelength (small q). Here,

Keff
3 ¼ K3 − Λ2

μ
¼ K3 − Λ2

μ0ðT − T0Þ
ð13Þ

is the renormalized bend elastic constant [11], which shows
the effect of coupling the director to the polarization. This
effect accounts for the softening of bend fluctuations
observed in earlier DLS studies of the director modes
when T → TTB from the nematic side [27]. Specifically,
Eqs. (7) and (13) imply Keff

3 ¼ 0 at T ¼ TTB.

(2) Another hydrodynamic mode is primarily twist-bend
director fluctuations, combined with some polarization
fluctuations. Its relaxation rate is

Γn
2 ¼

K2q2⊥ þ Keff
3 q2z

γn
; ð14Þ

again with the renormalized bend elastic constant Keff
3 .

(3, 4) Two nonhydrodynamic modes are mostly polari-
zation fluctuations px and py, combined with some director
fluctuations. In the limit of q → 0, these modes have
relaxation rate

Γp ¼ μ

γp
¼ μ0ðT − T0Þ

γp
: ð15Þ

(5) Another nonhydrodynamic mode is polarization pz
by itself. In the limit of q → 0, it has relaxation rate

Γp0 ¼ 2ηþ μ

γp0
¼ 2ηþ μ0ðT − T0Þ

γp0
: ð16Þ

Here, γp and γp0 are the mode viscosities.
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Overall, we should emphasize the contrast between the
nematic phase of the NTB-forming material studied here
and a typical nematic phase. In the NTB-forming material,
we observe a nonhydrodynamic mode with a relaxation rate
that decreases with temperature, as the system approaches
the transition to the NTB phase. The theory attributes this
mode to polarization fluctuations, which become less
energetically costly as the system develops incipient polar
order. By contrast, in a typical nematic phase, no such
mode can be observed in DLS experiments; presumably,
polarization fluctuations decay too rapidly to be detected.

B. Twist-bend phase

In the NTB phase, the analysis of normal modes is
complicated because of the nonuniform, modulated direc-
tor structure. However, as mentioned in the Introduction,
we can simplify this calculation through a coarse-graining
approximation, which averages over the director modula-
tion to find the larger-scale properties of the phase. Such
coarse-graining has previously been done for the choles-
teric phase [13,14], and it shows that the cholesteric has the
same macroscopic elastic properties as a smectic phase. In
this section, we generalize the coarse-graining procedure to
the more complex case of the NTB phase. Indeed, it should
be an even better approximation for the NTB than for the
cholesteric phase because the pitch of the NTB is so short.
The basic concept of the coarse-graining procedure is

illustrated in Fig. 1. We suppose that the director field has a
rapid heliconical modulation with respect to a local
orthonormal reference frame (ê1ðrÞ, ê2ðrÞ, t̂ðrÞ), and this
orthonormal frame varies slowly in space. Furthermore, the
heliconical modulation might be displaced upward or
downward by a phase ϕðrÞ, which also varies slowly in
space. Hence, the director field can be written as

n̂ðrÞ ¼ t̂ðrÞ cos β þ ê1ðrÞ sin β cosðq0zþ ϕðrÞÞ
þ ê2ðrÞ sin β sinðq0zþ ϕðrÞÞ: ð17Þ

In this expression, t̂ðrÞ is the coarse-grained director, which
would be measured in any experiment that averages over
the nanoscale heliconical modulation. By analogy with
the director field, the polarization field has a rapid helical
modulation with respect to the same local orthonormal
reference frame, which can be written as

pðrÞ ¼ ê1ðrÞp0 sinðq0zþ ϕðrÞÞ
− ê2ðrÞp0 cosðq0zþ ϕðrÞÞ þ δpðrÞ: ð18Þ

Here, δpðrÞ ¼ δpxx̂þ δpyŷ þ δpzẑ is a fluctuating addi-
tional contribution to the polarization, which varies slowly
in space. It is allowed because p is not restricted to be a unit
vector. The contribution δpðrÞ is the coarse-grained polari-
zation, which would be measured in any experiment that
averages over the nanoscale helical modulation.

From Eqs. (17) and (18), we can see that the pseudo-
layers are surfaces of constant q0zþ ϕðrÞ ¼ q0ðz − uðrÞÞ,
where uðrÞ ¼ −ϕðrÞ=q0 is the local pseudolayer displace-
ment. The local helical axis (or pseudolayer normal) is
given by the gradient

N̂ðrÞ ¼ ∇ðq0zþ ϕðrÞÞ
j∇ðq0zþ ϕðrÞÞj ¼

ẑ − ∇u
jẑ − ∇uj : ð19Þ

We now consider the case of a well-aligned sample, as in
a light-scattering experiment. In this case, the coarse-
grained director t̂ðrÞ has small fluctuations about ẑ, while
the phase ϕðrÞ and coarse-grained polarization δpðrÞ have
small fluctuations around 0. The full orthonormal reference
frame can be written as

ê1ðrÞ ¼
�
1 − 1

2
t2x

�
x̂ − 1

2
txtyŷ − txẑ;

ê2ðrÞ ¼ − 1

2
txtyx̂þ

�
1 − 1

2
t2y

�
ŷ − tyẑ;

t̂ðrÞ ¼ txx̂þ tyŷ þ
�
1 − 1

2
t2x − 1

2
t2y

�
ẑ; ð20Þ

to quadratic order in txðrÞ and tyðrÞ. One might think that
another variable would be needed to specify the vectors ê1
and ê2 in the plane perpendicular to t̂. However, rotations in
this plane can be included in the choice of the phase ϕ. As
discussed in Refs. [13,14] for the cholesteric case, such
rotations are analogous to gauge transformations. Hence,
we make the specific choice of gauge in Eq. (20). With this
choice, our orthonormal basis has small fluctuations away
from (x̂, ŷ, ẑ).
We insert Eqs. (17) and (18) for the director and

polarization fields, together with Eq. (20) for the ortho-
normal basis, into Eq. (1) for the free energy of the NTB
phase. We then make the coarse-graining approximation:
We integrate over the rapid variations of cosq0z and
sin q0z, assuming that the slowly varying fields are constant
over the length scale of the pitch. We thus obtain an
effective free energy in terms of the six coarse-grained
variables ϕðrÞ, txðrÞ, tyðrÞ, δpxðrÞ, δpyðrÞ, and δpzðrÞ. We
expand the free energy to quadratic order in these fields and
Fourier transform it from position r to wave vector q to
obtain

F ¼ 1

2

X
q

0
BBBBBBBBB@

ϕq

txq
δpyq

tyq
δpxq

δpzq

1
CCCCCCCCCA

†

MðqÞ

0
BBBBBBBB@

ϕq

txq
δpyq

tyq
δpxq

δpzq

1
CCCCCCCCA
: ð21Þ
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Here, MðqÞ is a matrix of wave-vector-dependent coef-
ficients, which must be diagonalized to find the nor-
mal modes.
It is most convenient to understand the mode structure in

the limit of q → 0. In this limit, the matrix simplifies to the
block-diagonal form

Mð0Þ ¼

0
BBBBBBBB@

0 0 0 0 0 0

0 m22 m23 0 0 0

0 m32 m33 0 0 0

0 0 0 m44 m45 0

0 0 0 m54 m55 0

0 0 0 0 0 m66

1
CCCCCCCCA
; ð22Þ

where

m22 ¼ m44 ¼ p0q0Λ sin β þ 1

2
ðK1 þ K2 − 2K3Þq20sin2β;

m33 ¼ m55 ¼ μþ 2νp2
0 þ ηsin2β;

m23 ¼ m32 ¼ −m45 ¼ −m54 ¼ − 1

2
q0Λsin2β;

m66 ¼ ð2ηþ μÞ þ νp2
0 − 2ηsin2β: ð23Þ

From this block-diagonal form, we can extract the follow-
ing six normal modes:
(1) The phase ϕ ¼ −u=q0 is itself a normal mode. This

mode is hydrodynamic, with zero energy (and zero relax-
ation rate) in the limit of q → 0. It is analogous to the layer
displacement of a smectic-A phase, which costs zero
energy for uniform displacement. It is also analogous to
the hydrodynamic director mode in a cholesteric phase
(which is called the pure twist mode in the theory of
cholesteric light scattering [28]). It is visualized in terms of
pseudolayers in Figs. 8(a) and 8(b).
(2, 3) The coarse-grained director tilt tx and polarization

δpy are coupled by the helicity of the NTB phase. Together,
they form a pair of normal modes, both of which are
nonhydrodynamic, with nonzero energy (and nonzero
relaxation rate) in the limit of q → 0. In the limit of weak
coupling, which is given by the criterion m22m33 ≫ m2

23,

Γt ¼ m22=γt; ð24aÞ

Γp ¼ m33=γp: ð24bÞ

Here, γt and γp are phenomenological viscosities associated
with the normal modes. The two modes are analogous to tilt
and polarization fluctuations in a chiral smectic-A phase.
The tilt mode is also analogous to the nonhydrodynamic
director mode in a cholesteric phase (which is called the
umbrella mode in the theory of cholesteric light scattering
[28]). The tilt mode is visualized in Fig. 8(c); the polari-
zation mode is not visualized.

The coupling between tilt and polarization in these
modes is the electroclinic effect, which was previously
predicted and observed in Ref. [10]. In this effect, a
polarization δpy induces a tilt tx, and vice versa, as in a
chiral smectic-A phase. The sign of the electroclinic effect
depends on the sign of the coupling m23, which is
controlled by the sign of the helicity q0. For that reason,
domains of right- and left-handed helicity must have
opposite electroclinic effects. The previous work of
Ref. [10] presented one derivation of this effect; here,
we see that our theoretical formalism provides an alter-
native derivation of the same effect.
(4, 5) The coarse-grained director tilt ty and polarization

δpx form another pair of nonhydrodynamic normal modes,
which is degenerate with the previous pair.
(6) The polarization component δpz is itself a non-

hydrodynamic normal mode. Its relaxation rate is

Γp0 ¼ m66=γp0 ; ð25Þ

where γp0 is the viscosity of this mode.
If the wave vector q is small but nonzero, the five

nonhydrodynamic modes are only slightly changed. To
model their relaxation rates, we can still use Eqs. (24)
and (25) derived above. However, the hydrodynamic mode
is more significantly changed. We can consider the cases of
q parallel and perpendicular to the z direction separately.
For q in the z direction, the hydrodynamic mode still

involves the phase ϕ by itself, not coupled with any other
coarse-grained degrees of freedom. This mode is visualized
in Fig. 8(d). It is a z-dependent rotation of the heliconical
director field n̂ðrÞ, which does not change the coarse-
grained director t̂. Equivalently, this mode can be regarded
as a z-dependent displacement u ¼ −ϕ=q0 of the pseudo-
layers, leading to alternating compression and dilation of
the pseudolayer structure. In the limit of long wavelength
(small q), the free-energy cost of this fluctuation is
1
2
Beffq2z juqj2, where

Beff ¼ ðK2sin4β þ K3sin2βcos2β þ κp2
0Þq20: ð26Þ

Hence, the relaxation rate is ΓuðqzÞ ¼ 1
2
γ−1u Beffq2z , where γu

is the relevant viscosity.
For q in the x direction, the hydrodynamic normal mode

is a linear combination of ϕ, tx, and δpy, as visualized in
Fig. 8(e). This mode is an x-dependent rotation of the n̂ðrÞ
or, equivalently, an x-dependent displacement of the
pseudolayers, leading to curvature of the pseudolayer
structure. This displacement is accompanied by a tilt of
the coarse-grained director in the x direction, so the local t̂
remains normal to the local pseudolayers. If q is in any
other direction in the ðx; yÞ plane, the same description
applies with the corresponding rotation. The free-energy
cost of this fluctuation is 1

2
Keffq4⊥juqj2, where
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Keff ¼ K1cos2β þ
1

2
K3sin2β þ

1

2
κp2

0; ð27Þ

to lowest order in small β. Hence, the relaxation rate
is Γuðq⊥Þ ¼ 1

2
γ−1u Keffq4⊥.

The effective elastic constant Deff for tilt of the coarse-
grained director t̂ away from the pseudolayer normal N̂
[Eq. (14)] follows from the earlier discussion of the
nonhydrodynamic modes in the q ¼ 0 limit: Deff ¼
m22 ¼ m44. For small p0 and β, Λp0=K3 ≈ q0 sin β from
Eq. (4), and therefore

Deff ≈
1

2
ðK1 þ K2Þsin2βq20 ≈

ðK1 þ K2Þ
2K2

3

Λ2p2
0: ð28Þ

The first expression for Deff above matches that calculated
from the coarse-graining approach of Ref. [17], and, in
addition, for small β and polarization elastic constant κ, the
expressions for Beff and Keff [Eqs. (26) and (27)] are also
consistent with Ref. [17].
Thus, the effective elasticity associated with the pseu-

dolayered NTB phase is equivalent to a smectic-A phase,
with Beff , Keff , and Deff playing the roles of the elastic
moduli for compression and bending of the smectic layers,
and for tilt of the director away from the layer normal,
respectively. In that way, coarse-graining of the NTB

phase is analogous to earlier work on coarse-graining of
the cholesteric phase, which also has effective smectic
elasticity [13,14].

FIG. 8. Visualization of certain fluctuation modes in the NTB phase [29]. Small cylinders represent the heliconical director field n̂ðrÞ,
and surfaces represent the pseudolayers. (a) Ground state. (b) Hydrodynamic mode with wave vector q ¼ 0, with uniform rotation of
n̂ðrÞ and hence uniform displacement of pseudolayers; this mode has no energy cost with respect to the ground state. (c) Non-
hydrodynamic tilt mode, with the coarse-grained director t̂ [average of n̂ðrÞ] tilted with respect to pseudolayer normal. (d) Hydro-
dynamic mode with q ¼ qẑ, with z-dependent rotation of n̂ðrÞ and z-dependent displacement of pseudolayers (leading to compression
and dilation). (e) Hydrodynamic mode with q ¼ qx̂, with x-dependent rotation of n̂ðrÞ and x-dependent displacement of pseudo-layers
(leading to curvature), accompanied by tilt so that t̂ remains normal to pseudolayers.
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On the other hand, it is important not to overplay the
analogy, especially as far as details of the pretransitional
temperature dependence of elastic constants are concerned.
We will return to this point at the end of the next section.

V. DISCUSSION

We can now compare the calculated normal modes with
the light-scattering experiment.

A. Nematic phase

The fluctuating part of the dielectric tensor can be
expressed in terms of the normal modes using the relation

ϵijðrÞ ¼ Δϵnninj þ Δϵpsatpipj; ð29Þ

where ði; jÞ ¼ ðx; y; zÞ, Δϵn is the dielectric anisotropy
associated with the orientational ordering of n̂, and Δϵpsat is
the saturated value of the dielectric anisotropy associated
with the p ordering.
In geometry G1, with qz ¼ 0, the fluctuations in n̂ and p

decouple. The former yield the usual pair of hydrodynamic
director modes (n1, n2), while the latter produce a doubly
degenerate nonhydrodynamic mode associated with px, py,
plus an independent nonhydrodynamic mode associated
with pz. Assuming large coefficient η in Eq. (1), we can
neglect pz. Since the incident polarization in geometry G1
is along ẑ, the relevant elements of ϵij for depolarized
scattering are ϵxz and ϵyz. Assuming negligible pz, these
elements are dominated by the director modes, and spe-
cifically in our experiment for large θs, by the splay
fluctuations in the normal mode n1. Therefore, in agree-
ment with our experimental results for geometry G1, the
model with large η predicts that the DLS correlation
function is described by a single exponential decay (with
relaxation rate Γn

1) and that the contribution from non-
hydrodynamic polarization fluctuations is not observable.
The situation is different in geometry G2, where q ¼

qxx̂þ qzẑ for scattering in the x-z plane. (The choice of x-z
or y-z is arbitrary.) In depolarized DLS, with the incident
light polarized along ŷ, we probe fluctuations ϵzy and ϵxy.
From the former, we expect and observe the n2 (twist-bend)
hydrodynamic mode. The latter (ϵxy) couples to nonhy-
drodynamic polarization fluctuations transverse to the
nematic ordering axis, which contribute maximally to
the DLS signal in the “dark director” limit of G2, where
ϵzy → 0 and ϵxy dominates.
Since ϵxy is quadratic in p [Eq. (29)], the time correlation

function hϵ�xyð0ÞϵxyðτÞi, relevant for DLS, contains the
higher-order correlation function Cðpx; pyÞ ¼ hp�

xð0Þp�
yð0Þ

pxðτÞpyðτÞi of the polarization fluctuations. (Here, τ ¼
delay time). Based on the structure of the free energy written
in terms of n1, n2, px, and py, and assuming the fluctuations

areGaussian randomvariableswith zeromean,Cðpx; pyÞ can
be reduced to hp�

xð0ÞpxðτÞihp�
yð0ÞpyðτÞi.

In the limit that the energy associated with p fluctuations
is much greater than that of the p − n̂ coupling, and that the
latter is much greater than the elastic energy of n̂ fluctua-
tions, the correlation function is a well-separated double
exponential decay, as observed in our experiment [30], with
the faster decay characterized by relaxation rate Γp

2∼
(constant in q) for the p fluctuations, and the slower decay
characterized by a rate Γn

2 ∼ q2 representing a mixture of
director modes. This mixture could explain the broadening
of the slower decay indicated by our data analysis.
Outside of the dark director geometry, the twist-bend

director scattering from ϵzy, which is linear in n2, prevails,
and the fast decay makes only a weak contribution to the
DLS correlation function—again in agreement with the
experiment. The relaxation rate of the director mode
(Fig. 6) decreases as T → TTB from above, but only by
a factor of about 1.6. This modest decrease remains
consistent with the expected softening of bend fluctuations,
Keff

3 → 0 as T → TTB [see Eqs. (7) and (11)] since Eq. (12)
indicates that the relaxation rate Γn

2 ≃ K2q2⊥=γn for the
condition q2⊥ ≫ q2z in geometry G2. Thus, in the scattering
geometry used, Γn

2 is not very sensitive to the temperature
dependence of Keff

3 .

B. Twist-bend phase

The spectrum of modes is related to fluctuations of the
dielectric tensor through a modified version of Eq. (29),
where Δϵnninj is replaced by Δϵttitj. The hydrodynamic
mode is the extension into the NTB phase of the splay-bend
director mode n1, which is observed in the nematic phase in
geometry G1. The nonhydrodynamic tilt mode is the
extension of the hydrodynamic twist-bend director mode
n2, which is observed in the nematic phase in geometry G2.
It acquires a large energy gap when the heliconical structure
forms, analogous to the gap in n2 that develops in a
smectic-A phase due to the large energy cost of tilting the
director away from the layer normal. The coarse-grained
model thus accounts for both the slow hydrodynamic mode
[data labeled (b) in the bottom panel of Fig. 4] and the
slower of the pair of nonhydrodynamic modes [data labeled
(a) in the bottom panel of Fig. 4], which are observed in
experimental geometries G1 and G2, respectively.
The faster nonhydrodynamic mode in the NTB phase is

detected in the dark director limit of geometry G2 [see
correlation data labeled (c) in the bottom panel of Fig. 4].
As in the nematic case, it can be associated with fluctua-
tions of the polarization (δpx, δpy). Because the polariza-
tion fluctuations are only observed for a scattering
geometry where the t̂ fluctuations are dark, the coupling
between tilt and polarization fluctuations must be weak.
The coarse-grained theory predicts additional terms in

the expression for the energy gap of these fluctuations in
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the NTB phase compared with the nematic phase [see
Eq. (24b) compared with Eq. (15)]. These terms imply
an increase in the relaxation rate Γp of the polarization
mode at TTB, which is consistent with the experimentally
observed behavior (Fig. 6). According to the model, this
increase in Γp signals a transition to a heliconical structure
with β ≠ 0 and p0 ≠ 0.
The slow relaxation process that mixes with the fast

polarization fluctuations in the correlation function is also
explained by the theory: When qz and q⊥ are nonzero, as is
generally the case in the G2 geometry, δpx and δpy mix
with the slow hydrodynamic variable ϕ and with t̂, and thus
the correlation function contains a slow component corre-
sponding to undulation of the pseudolayers and splay of t̂.
The final nonhydrodynamic mode predicted by the

theory, related to δpz, has an even higher relaxation rate,
which is not detected in our experiment. This high
relaxation rate implies a relatively large value for the
coefficient η in the free energy of Eq. (1).
To fit the experimental data for relaxation rates as

functions of temperature, we combine Eq. (15) in the
nematic phase and Eqs. (23) and (24) in the NTB phase. For
the equilibrium cone angle β and pitch wave number q0,
we use the leading terms in Eqs. (4) and (5) near the
second-order transition, which give sin2β ≈ p0ðκ=K2Þ1=2
and q0 ≈ ðΛ=K3Þp1=2

0 ðK2=κÞ1=4. For the equilibrium
polarization p0, we use Eq. (9), which applies when
T < TTB − ΔTx [see Eq. (10)]; the validity of this con-
dition is confirmed below. The predicted relaxation rates
then become

ΓpðT > TTBÞ ¼
Λ2

K3γp
þ μ0
γp

ðT − TTBÞ; ð30aÞ

ΓtðT < TTBÞ ¼
Λ2ðK1 þ K2Þμ0ðTTB − TÞ

2γtK2
3ν

; ð30bÞ

ΓpðT < TTBÞ ¼
Λ2

K3γp
þ η

γp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κμ0ðTTB − TÞ

K2ν

s

þ μ0
γp

ðTTB − TÞ: ð30cÞ

Generally, the orientational viscosities γt and γp each have
an activated (Arrhenius) temperature dependence of the
form γ ¼ γ0 expðTA=TÞ, where TA is an activation temper-
ature, and T, TA are measured in Kelvin. Since the
experimental data for ΓpðT > TTBÞ and ΓtðT < TTBÞ show
a linear temperature dependence, it is reasonable to expand
γ around TTB to linear order in T − TTB. This results in the
following expression for Γp to lowest order in jT − TTBj
and for large η,

ΓpðT > TTBÞ ≈
Λ2

K3γpðTTBÞ
þ ~μ0
γpðTTBÞ

ðT − TTBÞ; ð31aÞ

ΓpðT < TTBÞ ≈
Λ2

K3γpðTTBÞ
þ η

γpðTTBÞ
ffiffiffiffiffiffiffiffi
κμ0
K2ν

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T − TTB

p
;

ð31bÞ

where ~μ0 ¼ μ0ð1þ Λ2TA=K3μ0T2
TBÞ and γpðTTBÞ is the

value of γp at the transition. Because the approximately
10-K range over which we measured Γt is small compared
to TTB ¼ 367.4 K, we may reasonably approximate γtðTÞ
in Eq. (30b) by γtðTTBÞ.
We compare Eqs. (30b) and Eq. (31) with the data in

Fig. 6 as follows: First, fitting Eq. (31a) to the data for Γp in
the nematic phase, we find ~μ0=γpðTTBÞ ¼ 3600 s−1K−1
and Λ2=K3γpðTTBÞ ¼ 1.1 × 105 s−1, so Λ2=K3 ~μ0 ¼ 30 K.
The fit is shown as a solid line in Fig. 6 (bottom
panel, T > TTB).
Second, the data for Γt in the NTB phase are consistent

with the linear dependence in Eq. (30b). This consistency
confirms that the experiment is in the regime where p0

follows the approximation of Eq. (9) rather than Eq. (8).
The experimental slope corresponds to the combination of
parameters Λ2ðK1þK2Þμ0=2γtðTTBÞK2

3ν¼84000s−1K−1.
This fit is shown as a solid line in Fig. 6 (top
panel, T < TTB).
Third, the data for Γp in the NTB phase can be fit to the

expression in Eq. (31b), as shown by the solid line in Fig. 6
(bottom panel, T < TTB). In this fit, we fix the parameter
Λ2=K3γpðTTBÞ to the value obtained from the analysis of Γp

in the nematic phase. The resulting one-parameter fit
yields ηðκμ0Þ1=2ðK2νÞ−1=2=γpðTTBÞ¼4.3×106 K−1=2 s−1.
We now combine the last fit result with two estimates.

First, estimating sin2 β≃ 0.015 from the optical birefrin-
gence data in Ref. [5] at TTB − T ≃ 1 K and also taking
p0 ≃ 0.1 at this temperature, we get from Eq. (5) (for small
β)

ffiffiffiffiffiffiffiffiffiffiffi
κ=K2

p
≈ sin2β=p0 ≃ 0.15, and then from Eq. (9),

ðμ0=νÞ1=2 ≃ 0.1 K−1=2. Together with the fit results, these
estimates give η=~μ0 ≃ 105 K. This large value indicates
that the relaxation rate Γp0

of longitudinal polarization
fluctuations in Eqs. (16) and (25) is much larger than Γp,
and hence explains why those fluctuations are not observed
in our experiment.
We may also verify two conditions on which our

analysis is predicated: (1) that TTB − T > ΔTx ¼ 9Λ4κK2=
ð4K4

3μ0νÞ [see Eq. (10) and accompanying discussion
above] over the temperature range of our data in the
NTB phase, meaning Eq. (9) applies, and therefore
Eq. (30b) is valid; and (2) that m22m33 ≫ m2

23, which
validates the decoupling approximation for the polarization
and tilt modes, and hence the use of Eqs. (30b) and (30c)
for their relaxation rates.
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First, using the numerical results above and assuming
μ0 ≃ ~μ0, we estimate ΔTx ≃ 0.3 K, and thus confirm that
our NTB data are strictly in the regime TTB − T ≫ ΔTx
where Eq. (9) applies. Next, from Eqs. (4) and (5) for small
sin2 β, we have sin2 β ≈ p0

ffiffiffiffiffiffiffiffiffiffiffi
κ=K2

p
and q0 ≈

ffiffiffiffiffi
p0

p ðΛ=K3Þ
ðK2=κÞ1=4. Equations (23) then imply m22 ≈ ðΛp0=K3Þ2
ðK1 þ K2Þ=2, m33 > ηp0

ffiffiffiffiffiffiffiffiffiffiffi
κ=K2

p
, and m23 ¼ −ðΛ2=2K3Þ

ðκ=K2Þ1=4p3=2
0 . Thus, the condition m22m33 ≫ m2

23 may be
written as η=μ0 ≫ ðΛ2=ð2K3μ0ÞÞðK3=ðK1 þ K2ÞÞ. Again
assuming μ0 ≃ ~μ0 and using the parameters from the fits
given above, this reduces to 105K≫15KðK3=ðK1þK2ÞÞ,
which is clearly valid.
Now let us turn to the data for the inverse scattering

intensity I−12 in Fig. 7. Recall that these data were recorded
in geometry G2 for θi ¼ 15°, θs ¼ 40°, where the scattering
is dominated by optic axis fluctuations (i.e., n̂ or t̂). In each
phase, I−12 is proportional to the free-energy density of
these fluctuations. On this basis, we can make two useful
comparisons between experiment and theory:
(1) Since I−12 ∝ γtΓt in the NTB phase, and since Γt is

essentially linear in TTB − T (Fig. 6), we expect and
observe the same for I−12 (Fig. 7).
(2) In the nematic phase, the free-energy density of

director fluctuations is given by 1
2
K2q2⊥ (from the Frank

free energy with the experimental condition K2q2⊥ ≫ K3q2z
appropriate for geometry G2). In the NTB phase, the free-
energy density of coarse-grained director fluctuations is
given by 1

2
ðK1 þ K2Þq20sin2β [from Eq. (24a) for γtΓt

combined with the result p0 ≈ ðK3=ΛÞq0 sin β near the
transition]. Hence, the ratio of scattering intensities in the
two phases should be

I2ðT > TTBÞ
I2ðT < TTBÞ

≈
ðK1 þ K2Þq20sin2β

2K2q2⊥
≈
q20sin

2β

q2⊥
:

From Ref. [5], using relative values of the optical bire-
fringence at T ¼ TTB and T − TTB ¼ −5 °C, we estimate
β ¼ 7.5°. From the same reference, FFTEM textures
show that the pitch is 2π=q0 ¼ 9.3 nm. In our experimental
geometry, q⊥ ¼ 2πðsin θi þ sin θsÞ=λ ¼ 0.011 nm−1.
Combining these numbers gives

I2ðT > TTBÞ
I2ðT < TTBÞ

≈ 70:

By comparison, the experimental intensity ratio in Fig. 7
(between the nematic phase just above the transition and
the NTB in the middle of its range, 5 °C below the transition)
is approximately 60. This quantitative similarity gives
additional support to the theory.
According to Eqs. (28), the effective elastic constantDeff

(which penalizes fluctuations of the coarse-grained director
against the pseudolayer normal in the NTB phase) is

proportional to p2
0 and thus, by Eq. (9), to TTB − T.

Since I−12 ∝ Deff , the linear temperature dependence of
the data in Fig. 7 confirms that the pretransitional behavior
of Deff is described by mean-field theory. However, this
is not the case in the analogous smectic-A system near
the transition to the nematic phase (temperature TNA).
Here, experiment indicates D ∝ ðTNA − TÞx with x ≈ 0.5
[31–33], whereas mean-field theory predicts x ¼ 1, and a
more sophisticated, anisotropic scaling analysis gives
x ≈ 0.67 [28].
Finally, we note that numerous works [31–36] over

the years have reported on the temperature dependence of
the smectic-layer compression constant B as T → TNA
(from below). However, to our knowledge, no data are
yet available for the T dependence of the analogous
quantity, Beff , as T → TTB [37] in the NTB phase.

VI. CONCLUSION

Our DLS study of a twist-bend nematic liquid crystal
demonstrates the presence of a pair of temperature-
dependent, nonhydrodynamic fluctuation modes connected
to the NTB structure. One of these modes is associated with
twist-bend director fluctuations in the presence of a short-
pitch heliconical modulation of n̂, while the other is
accounted for by fluctuations in a vector order parameter
that corresponds to a helical polarization field coupled to the
director modulation. The behavior of both modes, as well as
the presence of a single hydrodynamic mode in the NTB
phase (associated with splay fluctuations of the helical pitch
axis), is quantitatively explained by a theoretical model
based on two components: (1) a Landau-de Gennes free-
energy density, which is expanded in the director and
polarization fields, and (2) a coarse-graining of this free
energy that analogizes the heliconical structure to a smectic-
A-like system characterized by a pseudolayer displacement
field and an effective director normal to the layers. The
model specifically describes how the distortions of the
pseudolayers couple to the polarization field—a result useful
not only to interpret our DLS measurements but also, as
reported very recently [38], to account for second harmonic
generation from defects in the NTB pseudolayer structure.
For the future, it would be interesting to determine the

effective elastic constant (Beff ) for pseudolayer compression
as a function of temperature. The ratio Beff=Keff ≈ Beff=K1

can, for instance, be measured by DLS. It could also be
illuminating to probe the response of polarization fluctuations
to an applied electric field. Finally, extending the Landau-de
Gennes theory to include a first-order N-NTB transition may
prove useful for understanding experimental results on a
wider range of dimers or monomer-dimer mixtures.
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