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Nested Quantifiers

Two quantifiers are nested if one is within the scope of
the other.

Example: “Every real number has an inverse” is

P(xy)
AN vx Q(x)
el = Q(x) is Iy P(xy)
2 yI(X+y— ) P(xy) is “x+y=0"
Q(x)

where the domains of x and y are the real numbers.



~Thinking of Nested Quantification

as Nested Loops

L?op through all values of x. At each step, loop through all values
ory.

VxVyP(x,y)

 If P(xy)is false for some pair of xand y, then VxVyP(xy)is false
and both the outer and inner loop terminate.

o VxVy P(x,y)is true if the outer loop ends after stepping through
each x.

vx3yP(xy)
e The inner loop ends when a pair xand y is found such that P(x; y) is
true.

e Ifno y is found such that P(x, y) is true, the outer loop terminates as
VxdyP(x,y) has been shown to be false.

e Vx3dyP(xy) is true if the outer loop ends after stepping through
each x.



Order of Quantifiers
Examples:

P(xy):“x +y =y +x. Assume that Uis the real
numbers.

e UxVyP(xy) and Vy VxP(x,y) have the same truth value.
e dx3yP(x,y) and Iy IxP(x,y) have the same truth value.

Q(xy): “x +y =0.” Assume that Uis the real numbers.
e Vx3dyQ(xy) istrue, but
e  dyVxQ(xy) is false



Questions on Order of Quantifiers

Example 1: Let U be the real numbers,
Define P(x,y): “x -y =0"
What is the truth value of the following:
1 WxwyPixy)
Answer: False
2. Vx3dyP(xy)
Answer: True
3. IxVy Pxy)
Answer: True
4. IxFy P(xy)
Answer: True



Questions on Order of Quantifiers

Example 2: Let U be the positive numbers,
Define P(x,y) : “x /y=1"
What is the truth value of the following:
1 WxwyPixy)
Answer: False
2. Vx3dyP(xy)
Answer: True
3. IxVy Pxy)
Answer: False
4. IxFy P(xy)

Answer: True



—~

Quantifications of Two Variables

VaVyP(x,y) P(x,y) is true for every There is a pair x, y for
pair x,y. which P(x,y) is false.
VyVe P(x,y)
VzIyP(z,y) F(Lr. every x thgre isay for There i.s an x such that
which P(x,y) is true. P(x,y) is false for every y.
vy P(x,y) There i.s an x for which For. every x thgre isay for
P(x,y) is true for every y.  which P(x,y) is false.
dxIyP(x, y) There is a pair x, y for P().c,y) is false for every
which P(x,y) is true. pair x,y

JyJzP(z,y)



~ Translating Nm

English

Let U be all students in your school. Using C(x)=“x has a
computer,” and F(x,y) =“x and y are friends,” translate the
following statements.

Vx (Cx )V Iy (Cr)NF(x5)))

Solution: Every student in your school has a computer or
has a friend who has a computer.

IXVy Vz (F(x YN F(x2) N (¥ #2))=>=F(32))

Solution: There is a student none of whose friends are
also friends with each other.



~ Translating Mathematical
Statements into Predicate Logic

Rewrite the statement to make the implied quantifiers
and domains explicit

Introduce variables and specify the domain for them

Rewrite the statement using quantifiers, variables, and
logic expressions.

Example : Translate “The sum of two positive integers is
always positive” into a logical expression.

“For every two positive integers, the sum of these integers
is positive.”

“For all positive integers x and y, x + y is positive.’

VxV y(x+y>0), where the domain of both variables
consists of all positive integers

S—
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“Translating English into Logiﬁ/

Expressions Example

Example: Use quantifiers to express the statement
“There is awoman who has taken a flight on every
airline]”
Solution:
Let P(w,f) =“w has taken f” and Q(f,a) ="f is a flight
ona.
The domain of w is all women, the domain of f'is all
flights, and the domain of a is all airlines.

Then the statement can be expressed as:

dw Va3 (Pw,f) A Qf,a))




° Y /
“Questions on Translation from

English

Choose the obvious predicates and express in predicate logic.

Example 1: “Brothers are siblings.”
Solution: Vx Vy (B(x,y) = S(x,y))

Example 2: “Siblinghood is symmetric.”
Solution: Vx Vy (S(x,y) = S(1x))

Example 3: “Everybody loves somebody.”
Solution: Vx Jy L(x,y)

Example 4: “There is someone who is loved by everyone.”
Solution: 3y Vx L(x,y)

Example 5: “There is someone who loves someone.”
Solution: 9x Jy L(x,y)

Example 6: “Everyone loves himself”
Solution: Vx L(x,x)
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Negating Nested Quantifiers

Example 1: Express the negation of the statement
vx3y(xy=1) so that no negation precedes a quantifier.

Solution: Use De Morgan’s Laws to move the negation as far
inwards as possible.

=Vx3y(xy = 1)

Ix-3y(Xy = 1) by De Morgan’s for V
AXxVy-(xy = 1) by De Morgan’s for 3
AXVY(Xy #1)



Negating Nested Quantifiers

Translate the following statement into a logical expression.

“There does not exist a woman who has taken a flight on every
airline.”

Solution:
Translate the positive sentence into a logical expression
e dwVailf (P(wf) A Q(fa)) [by previousexample]
o Pwf):“whastaken f” Q(f,a):“f isaflightona.’
Find the negation of the logical expression
e —dwVaidf (PAwf) A Q(fa))
e Vw—Vaadf (Pwmf) A Q(£a))
e Vw3 a—-3f (Awf) A Q(La))
e Vw3 avV- (Pmf) A Q(£a))
e YwIavVf(—- PAwf)V = Q(ta))

“For every woman there is an airline such that for all flights, this woman
has not taken that flight or that flight is not on this airline”



