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Abstract

In this article, we show that a certain sequence r of all rational

numbers in the interval  :1,0
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where   ,11, mk  is an almost convergent sequence in ,l  and

its value of Banach limits   21rL  for all   . lL
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Let l  be the Banach space of bounded sequences    1: nnxx of real

numbers with norm   .sup nxx   A Banach limit L is a linear and

bounded functional on ,l  which satisfies the three conditions:

(a) if    
  lnxx n 1:  and   ...,,2,1,0  nnx  then   ;0xL

(b) if    ,: 1


  lnxx n  and T is the translation operator: :Tx

    ,...,3,2 xx  then    ;TxLxL 

(c)   ,11 L  where  ....,1,1:1 

We know [4, p. 310] that there are infinitely many Banach limits in

  ,l  the dual space of .l  Thus, it does not make sense to speak of

finding a particular value for Banach limits of a sequence

   ,: 1


  lnxx n because normally the different Banach limits are

different functionals. It is, however, interesting that there are some elements

in l for which the values of all Banach limits are the same. For example,

   nxxL n  lim for any Banach limit L, if x is an element of c, where c

is the Banach space of convergent sequences of real numbers with the

superior norm. Furthermore, this phenomenon can happen on some elements

of .\cl  Let


   

....,1,0...,,0,1,0...,,0,1:

times-1times-1





mm

a

Property (b) of Banach limits implies that for any Banach limit L,

     ;1aTLTaLaL m 

so by linearity and property (c) of Banach limits, we have that

        .111   LaTLTaLaL m
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Hence

      .
11
m

aTLTaLaL m  

Moreover, if


   

,...,0...,,0,1...,,1,0...,,0,1...,,1:

----

timeskmtimesktimeskmtimesk
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

then

        .11
m
k

aTLaTLaLbL kmm   

In [2], Lorentz called a sequence    
  lnxx n 1: almost convergent,

if its all Banach limit values  xL  are the same for   . lL In this case,

we call  xL  the F-limit of x. In his paper, Lorentz proved the following

main result:

Theorem 1 (Lorentz [2, Theorem 1]). A sequence    
  lnxx n 1:

is almost convergent with F-limit  xL if and only if

   






1

1
lim

ni

it
n

xLtx
n

uniformly in i.

This Lorentz theorem offers a way to find values of Banach limits for

almost convergent sequences in .l  Based on Lorentz [2] and Sucheston [4],

we give another way [1] to find the value of Banach limits of x, when x is an

almost convergent sequences in .l

Recalling some concepts, we created in [1].

Definition 1. A real number a is said to be a sub-limit of the sequence

   ,: 1


  lnxx n  if there exists a subsequence   1kknx  of x with
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limit a. The set of all sub-limits of x is denoted by  xS  and the set of all

limit points of  xS  is denoted by  .xS 

Definition 2. Suppose  xSa   for element    .: 1


  lnxx n  A

subsequence   1kknx of x is called an essential subsequence of a if it

converges to a, and for any subsequence   1ttmx  of x with limit a, except

finite entries, all its entries are entries of    .1

kknx

Definition 3. Let    
  lnxx n 1: and let   1kknx be a

subsequence of x. Define

      







 


 n
ninikA

nxw k

in
k

u 1:
supsuplim

and

      
,

1:
infinflim 






 


 n

ninikA
nxw k

in
kl

where  EA is the number of elements of set E.    k
u nxw and    kl nxw

are called the upper weight and lower weight of the subsequence    ,1

kknx

respectively. If        ,klk
u nxwnxw  then the subsequence   1kknx

is said to be weightable and the weight of   1kknx  is denoted by

   ,knxw  and

           .klk
u

k nxwnxwnxw 

We verified [1, Theorem 1] that all essential subsequences of a,

 ,xSa   have the same upper weight and lower weight, respectively. They

are called the upper weight and lower weight of a, and denoted by  awu

and  ,awl respectively. The weight of a is denoted by  ,aw  if   awu

 .awl We have the following main results.
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Theorem 2 [1, Theorem 4]. Suppose    
  lnxx n 1: and the set of

all sub-limits of x,    maaaxS ...,,, 21 is finite, where ,ji aa  if .ji 

If  taw exists for each t, ,1 mt  then x is almost convergent and for

any Banach limit   , lL

   



m

t
tt awaxL

1

.

We see that for almost convergent sequence, the value of Banach limits

only dependent on the sub-limit points and their weights. From Theorem 2,

we obtain a familiar formula.

Corollary 1 [1, Corollary 2]. For a given positive integer m, let

            ,...,...,,...,,2...,,2,1...,,1 111 nxnxxxxxx mmm

where for each t,   ,lim ttn anx  .1 mt  Then x is almost convergent

and for any Banach limit   , lL

  .21
m

aaa
xL m




We actually proved a more general result as below.

Theorem 3 [1, Theorem 6]. Suppose    
  lnxx n 1: and  xS is

infinite but countable and  ,xS  the set of limit points of  ,xS is a

nonempty finite set. If  aw exists for all  ,xSa  then x is almost

convergent and for any Banach limit   , lL

   
 




xSa

aawxL .

Natural question can be asked that does there exist an almost convergent

sequence  lx  for which  xS   is an infinite set? The answer is ‘Yes’. We
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proved more that  xS  can be uncountable infinite in next Theorem 4 of

this article.

We need some preliminary knowledge. Suppose m is a positive integer.

We define  m  to be the number of integers k, mk 1  such that

  ,1, mk which denotes that k and m are relative primes. The function  is

called the Euler phi function [3, p. 54]. It is well known in number theory

that if ,21
21

t
tpppm    where the p’s are distinct primes and ,i

,1 ti   are positive integers, then [3, p. 58, Theorem 2.7]

   





t

j
jj

jppm
1

1
.1

We introduce the following lemmas that we were unable to find in the

literatures.

Lemma 1. For any positive integer m,

 
 





mkmk

mk
m

1,1,

.
2
11

Proof. Suppose that .21
21

t
tpppm   Note that there are

121
2

1
1  t

tppp  numbers containing the factor of 1p  among the set of

 :1...,,3,2,1 m

  ,1...,,3,2, 12
1

1111
21 ppppppp t

t 
 

there are 11
21

21  t
tppp  numbers containing the factor of 2p  among

the set of  :1...,,3,2,1 m

  ,1...,,3,2, 2
1

21222
21 ppppppp t

t 
 

…, and there are 11
21

21  t
tppp  numbers containing the factor of tp

among the set of  :1...,,3,2,1 m
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  .1...,,3,2, 1
21

21
ttttt ppppppp t  

The sums of these t groups are

   ,1
2
1

1
2
1 212121

2
1

12
1

121   ttt
ttt pppmpppppp 

   ,1
2
1

1
2
1 1

21
1

2121
212121   ttt

ttt pppmpppppp 


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2
1

1
2
1 1

21
1

2121
212121   ttt

ttt pppmpppppp 

respectively.

Similarly, there are 11
2

1
1

21  t
tppp   numbers containing the

factor of 21pp  among the set of  :1...,,3,2,1 m

  ,1...,,3,2, 21
1

2
1

1212121
21 ppppppppppp t

t 
 

…, and there are 111
11

11 


  tt
tt ppp   numbers containing the factor of

tt pp 1  among the set of  :1...,,3,2,1 m

  .1...,,3,2, 11111
11

tttttttttt ppppppppppp tt






 

The sums of these 





2
t

groups are

   ,1
2
1

1
2
1 1

2
1

1
1

2
1

121
212121   ttt

ttt pppmpppppp 



   ,1
2
1

1
2
1 11

11
1

2121
112121  


  tttt

tttt pppmpppppp 

respectively, and so on.
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Finally, there are 111
2

1
1

21  t
tppp  numbers containing the

factor of tppp 21 among the set of  :1...,,3,2,1 m

  .1...,,2, 21
11

2
1

12121
21

tttt pppppppppppp t  

The sum of this group is

   .1
2
1

1
2
1 11

1
11

121
1121   ttt

ttt ppmppppp 

Thus,

 


 mkmk
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   
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
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t

j ji
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m

m
m
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 
 


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




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




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tji jik
kji

kji ppp
m
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11 1
2

    


























  





 


t

j
j

t
t

j ji
ij

t jij p
m
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m

1

1

1

11 1
2

11
2

1



































  

 






t

j ji
ij

t

j
j

ijj ppp
m

1

1

1

11
2

 
 


















tji jik
kji

kji ppp
1 ,

11 1

   


































  

 






t

j

t

j
j

t

ji
ij

t jij ppp
1 1

111 1111
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





   

  


t

j

t

j ji
ijj

ijj ppp
m

1 1

1

2

 
 

 
tji jik

kji
kji ppp

1 ,

11 

     






   

  


t

j ji

t

j

t
j

t
ij

t jij ppp
1 1

111 1111

  
   











t

j

t

j

t

j ji
ijj ppp

m j

1 1 1

1

2

   






   

  



tji jik

t

j

t
j

t
k pp

1 , 1

1 11

    
 




t

j

t

j
jj m

m
pp

m j

1 1

1
.

2
1

2

Hence,

 
 





mkmk

mk
m

1,1,

.
2
11 

Lemma 2. Suppose that m and l are positive integers with .1l Let

  
  lm

mj
jn

1
. Then

.0lim 
 n

l

l

Proof. We know that [3, p. 228, Theorem 6.21]

   






m

j

mmO
m

j
1

2

2
,ln

3
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where  gOf   means that there exists a constant 0c  such that

   xcgxf   for all x in the intersection of domains of f and g. Thus,

          








lm

mj

mmOlmlmO
mlm

jn
1

2

22
lnln

33

      ,lnln
36

2

2
mmOlmlmO

lml 



which implies  .2lOn   Hence

.0lim 
 n

l

l


Now we back to our goal of the following result.

Theorem 4. Define an element of l as follows:

  jrr :

 
,...,

1
...,,

1
...,,

1
1

...,,
4
3

,
4
1

,
3
2

,
3
1

,
2
1

321



















  
blockmthblockrdblockndblockst

m
m

m
k

m

where   .11, mk Then      1,0 rSrS is an uncountable set, and

r is an almost convergent sequence in l and also   21rL for any

Banach limit   . lL

Proof. It is well known that      .1,0 rSrS  We just verify the

remaining parts of the conclusion. For all positive integers i, there exists an

integer m such that

    







m

j

m

j

jij
2

1

2

.
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Let     m
j

qji
2

,  where  .10  mq  For any positive

integers n and m, m is determined by i above, there is a positive integer l

such that

    









lm

j

lm

j

jnij
2

1

2

.1

Let   
  lm

j
sjni

2
,1 where  .10  lms  Then

 





lm

j

isjn
2

1

    


 
















lm

j

m

j

qjsj
2 2

1

 





lm

mj

qsj
1

,1

from which we have

    





lm

mj

sqmnj
2

.11

With the help of Lemma 1 and the fact of   mm   for any m, we have

 




1
1

ni

it

tr
n

 
 

 


















lm
j

m
j

j

jt

tr
n

2

1
2 1

1
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   

















  

 21,12, 1,1,

1
2

11

mkmk lmklmk

k
lk

k
mn



     








 

lm

mt

t
n

lmm
n

2
2
1

2
1

2
2
11 

  
n

sqmn
2

11 

    
n

lmqm
2

111
2
1 

   
n

lmm
2

111
2
1 

,
22

32
2
1

2
32

2
1

n
l

n
m

n
lm 

which holds for any positive integers n and any fixed positive integer i. We

know that m is fixed when i is fixed, so .0
2

32
lim 

 n
m

n Note that l

goes to infinity as n goes to infinity. By Lemma 2, we have

 
2
1

22
32

2
1

inflim
1

inflim
1






 

















  n

l
n

m
tr

n n

ni

it
n

for all .Ni 

On the other hand, we have

 




1
1

ni

it

tr
n

 
 

 

















1
2

2 1

1

lm
j

m
j

j

jt

tr
n
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   

















  

 11,11, 11,11,
1

1
1

11

mkmk lmklmk

k
lk

k
mn



   



  1

2
1

1
2
11

lmm
n



   





1

1
2

11
2
1

lm

mt
n

sqlmn
t

n

  
n

qslm
2

11
2
1 

,
22

12
2
1

2
111

2
1

n
l

n
m

n
mlm 

which holds for any positive integer n and any fixed positive integer i. We

know that .0
2

12
lim 

 n
m

n Using Lemma 2 again, we have

 
2
1

22
12

2
1

suplim
1

suplim
1






 

















 n

l
n

m
tr

n n

ni

itn

for all .Ni 

Summarizing the discussion above, we obtain that

 






1

2
11

lim
ni

it
n

tr
n

for all .Ni   Thus,

    .
2
11

lim
1

lim
11

































ni

it
n

ni

itn
tr

n
tr

n

Using Lorentz’s formula (6) [2, p.169], we have:

     
































11
1

lim
1

lim
ni

it
n

ni

itn
tr

n
rLtr

n
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for all Banach limits   . lL  Hence,   ,
2
1rL for all   lL  and r

is an almost convergent sequence in .l 

From the argument of Theorem 4, we have a new corollary of Lorentz’
theorem as follows:

Corollary 2. Suppose    .: 1


  lnxx n If the following limits exist

with the same value l,

 






1

1
lim

ni

it
n

ltx
n

for all positive integers ,Ni  then x is an almost convergent sequence in

l and   lxL  for all Banach limits   . lL

Notice. Corollary 2 is a complement of Theorem 6 in [1], which helps us

in verifying and finding the value of Banach limits for an almost convergent

sequence    
  lnxx n 1: with  xS  as an uncountable set.
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