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Abstract

The paper establishes local asymptotic representations for solutions of
linear singular hyperbolic equations by means of Fourier integral opera-
tors. It is assumed that the coefficients of the equations are unbounded
near a singular hyperplane ¢ = 0. These representations generalize the
well known Levinson’s asymptotic theorem from the theory of ordinary
differential equations. They are useful for the study of some equations
of mathematical physics. Another application is in the study of correct-
ness of Cauchy problem for the partial differential equations with multiple
characteristics.

§1. INTRODUCTION
It is well known, that solutions of strictly hyperbolic equations with smooth
coefficients can be represented by means of Fourier integral operators. For

example, the equation of oscillating string
Uy = a2 Ugy, (1.1)
using Fourier transformation
o(t, &) = /v(t,x) exp(—izf) dx

is replaced by the ordinary linear differential equation

’fltt + a2£217 = O, (12)



which has the general solution

i(t, €) = f(&) expliat | €|} + §(€) exp{—iat | & [}

with arbitrary functions f(£) and §(¢). Using inverse Fourier transformation

olta) = (2) " [ (t.€) expliog) .
we get
vo(t, z) = @1() f(y) + P2(t)g(y), (1.3)
where the operators ®;(t) and ®5(¢t) have integral representations

(b]f(y) = (QF)_n/f(y) eXp(iej(tvx’yaf) dy d£7 .7 =1,2, (14)

0r = (z —y)& +atlg], 02 = (v —y)§—atl¢].

Here the functions f and g are from Sobolev spaces. For the second order partial

differential equation
Lu = uyy — a*uge + q(t,2)u=0, t€l0,T[, z€R, %in(l)q =00 (1.5)

the following question can be posed: under what restrictions on operators L®;,

j = 1,2 solutions of (1.5) can be represented in the form

u(t,x) = @1(t) f(y) + L2(t)g(y), (1.6)
where
Q;(t) =®,(t) +¢5(t,x), ¢ei(t,z)—0, t—0, j=1,2. (1.6")

®;(t) are called asymptotic resolvent operators, €;(t,x) are called error func-

tions.



For more general strictly hyperbolic (or hyperbolic in Petrovsky’s sense)

equations the solutions wu(t,z) admit representations (see [2], [7])

ut,x) =Y &;(1)C5(y), (L.7)

j=1
where C;(y) are arbitrary functions from Sobolev spaces and <i>j are linear in-
tegral operators, that can be represented as sums of Fourier integral operators.
Below we prove the following asymptotic versions of the representations (1.7) for
the solutions of a wide class of t-hyperbolic (non-strictly hyperbolic, weakly hy-
perbolic) operators with coefficients unbounded on the initial hyperplane ¢ = 0:
m
u(t,z) = [@;(t) +£5(t,9)]g; (), lime;(t,y) =0, j=1,...,m (L8
j=1

We apply (1.8) in the study initial value problems near singular hyperplane.
§2. THE MAIN RESULTS

This section contains formulations of the theorems and propositions, proved in
the paper. Theorem 2.1 provides a sufficient criterion of asymptotic resolvent
operators. Theorem 2.2 is an existence and uniqueness theorem for weighted
initial value problem, generalizing the initial value problem with Wronskian data
considered in [10]. Propositions 2.1, 2.3, 2.4 are particular cases of theorem
2.2 for second order partial differential equations with simplified initial data.
In Propositions 2.2, 2.5 we propose a construction of linear integral operators
that occur in asymptotic representations (2.13). Note that Proposition 2.2 is a
generalization of the JWKB asymptotics well known in the theory of ordinary
differential equations for hyperbolic partial differential equations.

We consider the partial differential equation

Pu=> Qum-k(t,x,Ds)0fu(t,z) =0, tc[0,T], =eR", (2.1)
k=0



where

QO = 15 Qj S Coo(]O7TL\I’;)7 .] = 17 ceey TN (22)

and \I/{) is a class of pseudodifferential operators to be defined below. By B we
denote the set of all C'*°-functions, defined and bounded in R} with derivatives
of all orders. Let BF = C*([0,T], B). We say that a C°-function p(x,y,&)
in R*" = R} x Ry x R} belongs to S5 (0 < 6 < 1/2 < p < 1), if for any

multi-indices «, 3,y we have
| 9800 p(x,y,€)| < Capy <& >mHPDNTPIRTon B (2.3)

where < € >= (1 + &7 +---+&2)Y/2. As usual S7s are Frechet spaces provided

with seminorms

(m) _ inf{C f(2.3)). 2.4
|p|z a+%lf'}y(|§lln{ aBy O (2.3)} (2.4)

We say that a symbol p(z,§) of class S)* = ST, , belongs to the class S;*((k)),

where k > 0 is an integer, if
P (@ &) € Sy (la+ BI< k).
We say that real-valued C'*°-function I(xz,&) in R} x R belongs to the class
Py(1), where 0 < 7 < 1 and 1/2 < p <1 (see [4]), if J(z,&) = p(z,§) — x¢
satisfies
J(@,€) € 5,((2)),
o= sug{u(‘;;(a:,m <e>lal-be

lat+p<2 ©

In particular, for p = 1 we write P(7). For any integer [ > 1, we define the sub-

class P(7,1) of P,(T) to be the set of phase functions I(x,&) € P,(7) satisfying

J(x,€) € S,((2)),



7= > sup{|J{§) (@, €) < £ >0 4
la+pl<1 ™

+ Z Sup{lJ((g))(a?,f)\ < ¢ >1=(=DIBI+e(lel=2)) < £
2<|at+Bl<2+ T

and write P(,1) for Py(7,1) for p = 1. Let ¢(x,&) € P,(7). For p(z,§) € S)* we
define the Fourier integral operator P with phase function ¢(z,¢) and symbol

p(z,§) by
Pu(z) = Pru(z) = (27r)_2"/ei(I(w’g)_yg)p(x,g)u(y) d¢ dy, forue B (2.5)

in the sense of regularized oscillatory integrals ([4]). We write P € I}* and
o(P) = p(z,§). For p =1 we shall often write I for I}".

Let U7 be the class of pseudodifferential operators with symbols from o5
(\IlzT =vr_,, ¥ = V), I™ be the class of linear integral operators, map-
ping H*® to H*~™. Recall that an operator (2.1) is called t-hyperbolic (or weakly,
non strictly hyperbolic), if the roots 7 = A;(¢,2,€), j = 1,...,m, of the charac-

teristic equation

qufk(tvxvé-),rk = 07 do = 1
k=0

are real-valued for every t €]0,T[, (z,€) € R*. Here ¢m_i(t,z,&) are the
principal symbols of the operators Q,,,—. We suppose that the functions g, _,
k=0,1,...,m are real-valued for every t €]0,T], x € R", £ € R".

Let the operators {®;(t)}7.; from (1.7) be given. Instead of the operators

¢, € I'~J we can construct auxiliary linear integral operators
Dop1(t), D0’ s=0,...m—1 (2.8)
Indeed, we define

(I)j7s(t) = (I)s—i-l,s(t)Zj,s-l-l(t)a j =8+2,...m, 5207...,77’1—27 (29)



(I)j’() :(I)j, j = 1,...7m, (29/)
t

Zj75+1(t) :/ (I)j75+1(7') dT, j:s+2,..,m, 5:0,...,77172. (29”)
T

From (2.9) we get

t
(I)S+27S :¢S+1’s/ CI)S+2,S+1(T) dT, s:(),...m—l,
T

and P11 4(¢) can be determined from these expressions recurrently. In partic-

ular,
t

() = Dro(t), Balt) = Bro(t) / By (7) dr,

T

D3 0(t) = P1,0(t) /t (@271(7') /T D3 9(s) ds) dr. (2.10)

T T

We consider the operators
K ={— (®21P30 Pppn_1) 'PP;,if j=1,....,m, s=m,
K: = Z(_l)kzjhszjml L KGO iE j=100m, s <m. (2.11)
where summations are over all indexes ji, ..., ji, such that
s<j<joe<--<jJp=m, k=1,....m—s, s=1,....m—1. (2.11)

Theorem 2.1 Let the functions fs(t) > 0, B € L1[0,T], s = 1,...,m
and infinitely differentiable by parameter t €]0,7T], invertible linear integral

operators {®;(t)}7L,, satisfy the conditions (2.8) and

(1/B.()E;(t) € I°, s,j=1,...,m, (2.12)

uniformly in ¢ €]0, T'[. Then for any choice of functions C;(y) € B, j =1,...,m,

exists a solution u € By® of the equation (2.1) representable in the form:

OfF tu =Y (0F'2))[C(y) +£5(t,y)], k=1,...,m, (2.13)
j=1



}iH(l) lle;j(t, )|l =0, j=1,...,m, for some p € R. (2.13)

Remark 2.1. Theorem 2.1 gives no construction of the operators ®;, but it
is useful, because one can choose approximate operators ®; in different ways,

depending on the equation.

Remark 2.2. Let P; be the operator (2.1) in case m = 2. In this case the

conditions (2.8), (2.12) of Theorem 2.1 become

Dy, e 0 (2.14)
Doy, P51 €1, (2.15)
BN (Pru®y ! — D@y )T PP, €10, 5,5 =1,2. (2.16)

Remark 2.3. Let ®;5; be the solution of the Cauchy problem
P1@271 = 8t<I>271 + ((I);lQch)l + 2@;1@”)@2,1 = 0, @271(T) = I, (217)

where I is the identity operator. In this case the operator ®;; can be con-
structed as a Fourier integral operator modulo smooth operator (see Theorem

3.3 or [3],[4]). More precisely, there exist @5 1(t) € I°, such that
Do 1(t) — P2,1(t) € Bi(S™). (2.17")
In view of (2.10) and
¢ t
PQ(I)Q(t) = PQ <<I)1(t)/ @271(7') dT) = PQCI)l (t) (/ (@271(7') dT) + (I)1P1(I)2)1,

or

Py®y(t) = (P4 (t)) (/t Dy 1(7) d7,> , (2.18)



the conditions (2.16) can be ignored for s = 2. For s = 1 the conditions (2.16)

reduces to the existence of 3(t) € L1([0,T]), such that,
B t)PD, € I°. (2.19)
Remark 2.4. If the symbol r of the operator
R=05Q1®; +29y,) (2.20)

satisfies the conditions
r € B (Sh), (2.21)
principal symbol of R is real-valued function for any t € (0,T], (z,¢) € R*",
(2.22)

then the solution of the equation (2.17) satisfies (2.17°) (see Theorem 3.3). We

define auxiliary operators

Agsm1 =01 (1), s=2,...m, (2.23)
and denote by o = (1,2,...,m) the cyclic permutation from the group of per-

mutations of m numbers. We choose the initial conditions for the equation (2.1)

to be

lim{ajAm,m,l “ee A3,2A2’1<I>171u} == Cj+1(y), j == 0, e, — 1, (224)

t—0

where Cj41(y) are arbitrary functions from B and the powers of ¢ act on indexes
of the operators A, ;1 in (2.24).
Theorem 2.2 Let the conditions (2.2), (2.8), (2.12) be satisfied and there

exist functions px(t, z), p(t, z) € B and numbers 74, éx > 0, such that

pe(OF®)OFD; e I, k=0,...,m—1, j=2,...,m, (2.25)



[ @7 Qi (OF ®1) € I, (2.26)

uniformly in ¢ € [0, T] (one can put d; = m).
Then the initial value problem (2.1), (2.24) for C; € B, j =0,1,...,m — 1,
has a unique solution u € B{*(]0,T]), and there exists a positive constant c,

such that for any solution u € BJ" of the problem (2.1), (2.24) the estimates

e @F@1) " O ulls < €Y NIC;llstryys k=0, m—1, (2.27)
j=1
lm®5 0 ulls < D 1IC)lstrag+a (2.28)
j=1

hold.

For the second order equations from Theorem 2.2 follows the following propo-
sition.

Proposition 2.1 Let the conditions (2.2), (2.14) — (2.16) be fulfilled and

there exist numbers d,r,b > 0 and functions p4 2(t, z) € B, such that
B oy € I7, po®71Qu®y € I°, (2.29)
—1 —1 . 7b
P QP €1 (2.30)
hold. Then the equation
Pou = (6? + Q1at + Qg)u =0 (231)
with initial data
lim (@55 (P1 @7 — Boe®y )7 (u — @@ )} = Ciy), j=1,2, (2.32)

for C; € B, has a unique solution v € B®, and there exists a positive constant

¢, such that for every solution u of the problem (2.31), (2.32) the estimates

2
le(0F 1) Opulls < ¢ ) _NICillsr, k=0,1, po=1, (2.33)

Jj=1



2

112®7 ] ls < €D 11C st (2.34)
j=1

hold, where pp = 1.

Consider the equation
Pyu= (0} + Q*(t,x,0,)) u(t,z) =0, t€]0,T[, z€R", (2.35)

where @) is invertible in H~°>° = UH? elliptic pseudodifferential operator of
order 1/2 infinitely differentiable by parameter ¢ €]0,T]. Let ®;(¢,T), j = 1,2
be the resolving Fourier integral operators of the first order pseudodifferential
equation

Oyw; + Aj(t,x,0p)w;(t,z) =0, t€]0,T[, xeR", (2.36)

where the operators Ay, Ao (with symbols A\, \y) are defined to be
A =iQ* = Q7'Qs, Ao =—iQ* - Q7'Qy, (2.37)
that is, the solutions w; (¢, z) of the equation (2.36) is representable in the form
w;(t,z) =@, Tw;(T,z), j=1,2. (2.38)

Proposition 2.2 Let there exist functions p; (), p2(t) > 0; u(t), p1(t), p2(t) €

Ly[e,T], € > 0, such that

o(u(t)Q) € B*(S1), o(uQ™'Q:) € B*(S°), (2.39)
P, is t-hyperbolic operator, (2.40)
P (HQPQLAIQ, ' (HQTHQTHuQ € T, (2.41)

uniformly in ¢ € [0,7]. Then for every choice of C(y) € B, j = 1,2 there exists

a solution u € Bg® of the equation (2.35) that can be written in the form (2.13),

10



(2.13°) with m = 2, where ®;, P, are the resolving operators of the equation

(2.36).

Remark 2.5. The condition (2.40) for the equation (2.35) means, that the
principal symbol of @ is real-valued on [0,T] x R2".

Denote by || - ||\1;;)n the norm of pseudodifferential operator from the class
| o = Clp|\™, see Theorem 3.2 in §3.

Proposition 2.3 Under the conditions of Proposition 2.2, if
||Q_3Qt||q;g <1 uniformly by t € [0, T, (2.42)
then the equation (2.35) with Cy,Cy € HP and initial data
lim ®(T, Q™20 +i—Q°Qu)u = Ci(x),

tli_rz% O (T,1)(Q720; —i — Q3Qy)u = Cy(x), (2.43)

has unique solution u € B{°. A positive constant c exists which does not depend

on u, such that

2 2
0@y ulls, Nl @ uells < e Y lICIlswa, 1620 uulls < €Y NICLs.

j=1 j=1

(2.44)

Introduce the class

M = {p(t) € COO(]O’T])7 p<t) >0, ptp_5/4 € L2([O’T])’ ‘ptp_3/2‘ < 5}’
(2.45)
where ¢ is sufficiently small positive number.

Proposition 2.4 Let there exist a function p(t) € M, such that the condi-

11



tions (2.39), (2.40) and

PR e TV (p/p)*[Q, Qi € W, (2.46)
p 4 (p/p ) (0]Q) € W2, j=0,1,2 (2.47)

are satisfied, where [-, -] is the commutator. Then the problem (2.35), (2.43) for
C, € H?, Cy € HP™! has unique solution u € By°, and there exists a positive

constant ¢, such that for every solution u of this problem the estimates

2
T(Op T @)0Fulls < D 1IC s, k=0,1,2 (2.48)

=1

hold. Here

~(t) = exp ( /| t(p(s»“?ds) .

Remark 2.6. If we replace the condition (2.40) by
Q° = (@) e v’ (2.49)

then the estimates (2.48) simplifies:

2
PR ull < € IIC ks K =0,1,2. (2:50)

Jj=1

Proposition 2.4 has been proved in the [8] by a different method. We can

obtain different asymptotic solutions of the equation
ug +Qu =0, t€]0,T[, z€R" Q¢cT? (2.51)

if we represent the solutions of (2.51) in the form u = ®(¢)v(t, x), where ® is the

resolving Fourier integral operator of the first order pseudodifferential equation
{®,=(A1+-+A4,)®, t€]O,T[®|,_, =1

12



Above I is the identity operator and A; are the pseudodifferential operators,

that can be found from recurrent relations
A +Q =0,

Ajt+AJ2‘_1 +AJ(A1—|— . —|—A]_1)—|—(A1+ . -+Aj_1)Aj = 0, ] = 2, ey T (252)

From (2.52) it is easy to deduce, that
Oy + QP = A% (2.53)
Let ®5 1 be the solution of the first order operator equation

(0 +20710,) Dy =0, By I,

t=0

where

() = B (1) / By (7) dr.

T

Proposition 2.5 Let there exist a non-negative function 4(t) from the class

Ly([0,T7]), such that
D, 07, By, 051 €10, fTL(1)AZ e U,

and principal symbol of @ is non-negative function on [0,7] x R?>". Then for
C1(z), Co(x) € H*® a solution of the equation (2.53) exists, representable in the
form

OFu = [DW) (1) + &1 (t, 2)]C1(x) + [B) () + ea(t, 2)]Ca (),

where

}iII(l) ex(t,.)=0, k=0,1, uniformly by z € R".

§3. PROOF OF THEOREM 2.1

13



Assume that
At 2, €) = M (t,2,) + At 2,6), (3.1)
Mtz &) e BH(SY), Xe BHS®), A\ is real-valued. (3.2)
We are looking for the phase function of the operator (2.5), I(t,s) = I(t, s;z,§) €
B2(S) on 0 < s <t < Ty for some Ty (0 < Ty < T) as a solution of the Cauchy

problem

O — M (t,z, Vo) =0, on 0<s<t<Ty, (3.3)

o(s,8;3,€) = a¢. (3.3)
Equation (3.3) is called the eikonal equation. For {q,p} = {(q1,---,qn), (P1,---,Pn)}
we consider the system of Hamilton equations

9q _
ot

0
_val(ta q7p)a aijz = vq)‘l (ta qvp)a {qap}t=8 = {yﬂ?} (33//)

Theorem 3.1 ([4], Theorem 3.1) Let y = y(¢,5;2,£) (0 < s <t < Th)
be the inverse mapping of = = ¢(¢,s;y,&) : y — z, R" — R? with (¢,s,£) a
parameter, and define
t
U(t, S3Y, 77) —yn = / [)‘1 - pVE)\l](T7 q(Tv S3Y, 77)7]7(7—7 S3Y, 77) dr. (34)
Then the solution of Cauchy problem (3.3), (3.3’) can be written as I(¢t, s;x,&) =

ult, siy(t, s:2,€),€). Setting J(t,5) = J(t,:2,€) = p(t, 53, ) — a€, we have

J(t,s)/(t —s), 00 (t,s),0sJ(t, 8)Yo<t.s<t, is bounded in S*. 3.5
>~U,8>40

Corollary 3.1. (1) For any integer v > 0 there exist ¢, and T, (0 < T, < Tp)
such that

I(t,s;x,8) € Pley|t —s|,v), 0<t,s<T,. (3.5)

14



(2) If in Theorem 3.1, for 1 <m < oo
A(t,x,€) € B"(SY) on [0,T],

then
{J(t,)/(t =), 0005 I (t,5); j +k < m+ o< s<r,
is bounded in S!.
Theorem 3.2 ([4], Theorem 2.3) Let P € I*. Then for any real s the
operator P defines continuous mappings from H*t™ into H®. There exist a

constant C' = C > 0 and an integer | = I(s,m) > 0 such that
[1Pulls < Clply™ fullapm,  for e B (3.6)

Theorem 3.3 ([4], Theorem 3.2) Consider the operator L = 9;—A(t, z, D,.).
Assume that A = o(A) satisfies the conditions (3.1), (3.2). Then there exists a

linear integral operator E(t,s) € I°, such that
E(s,s) =1, LE(t,s)=0 on 0<s<t<T.

The operator E(t,s) is Fourier integral operator modulo smooth operators:
there exist an operator E with a symbol e(t, s;z,£) € BH(S?) (0 < s <t < T

with Tp as in Corollary 3.1), such that

E,(t,s) € I°, E(t,s) — E(t,s) € B;(S™).

m

Denote auxiliary functions {u/(t,y) 7L1 by the expressions

OF Yu(t,x) = i[@ffléj(t)]uj(t,y), k=1,...,m. (3.7)

j=1
Resolving the relations (3.7) by u/, we have

’Ltj (t, y) = O'jAm7m_1 e A372A271<I>1_1u, ] = 1, ce.,My, (38)

15



where the linear integral operators A, ;1 are defined from (2.23), and o is the
cyclic permutation from the group of permutations of m numbers (1,...,m).
Let us prove (3.8) in the particular case m = 3. We eliminate u!(¢,y) from the
system

u=®ut + dyu’ + <I>3u37
up = ®yut + Oopu® + q)BtuBa
uy = Prput + Popu® + Pyppu’ (3.7)

applying (éfl)t to the left side of the first relation and <I>f1 to the left side of

the second relation. After adding these expressions we get
(B ®o)pu? + (D] ®3)u® = (D] M)y

Applying (@) to the left side of the first relation in (3.77), (2®71); to the

second, and ®; ! to the third relation in (3.7’) and adding we get
(B Do) u? + (O] P3)u® = (O] M)y
That is, we get
<I>2,1tu2 + <I>371tu3 = (@flu)tt, <I>271u2 + <I>3’1u3 = (@flu)t. (3.9)

Now we eliminate u? from (3.9) applying ®5;' to the first relation in (3.9), (®5;'):

to the second relation and adding, we get
(@51P3,1)e0’ = (D51 (P ue)s),

or

u? = 5 50,(510,(P7 'w)) = Az 242,197, (3.10)

16



where

t

Bo(t) = @ (1) / Bo(y) dy,  Ds(t) = B (1) / By () dy,

T T
t

O3, = @2,1(?5)/ D3o(y) dy, Ass =550, Az = P50 (3.11)
T

By index permutation we have
ut = (1,2,3)u’ = Ay 343005 'u,  w? = (1,2,3)%u = Ay 1 Ay 305 . (3.12)

The relations (3.8) in general case are proved similarly. Differentiating (3.7) in

t, in view of (2.1), we get
D (0:®5)0? = —bkm Y (P!, k=1,....m, (3.13)
; =

Jj=1

where dx,, is Kronecker symbol. The relations (3.13), in view of (2.9) — (2.9”),

become
Opu’ + Z ZjJrs,s(t)atujJrs =0, s=1,....m—-1,
j=1
O™ = (P21 P32 .. Ppm—1) " Y (PP (3.14)
j=1

Resolving the relations (3.14) relative to dyu®, we get
8tu5:ZK;u, s=1,...,m, (3.15)
j=1

where the linear integral operators K are defined by (2.11). We show how to

obtain (2.11) in particular case m = 3. By differentiation (3.7’) in ¢ we have
(I)lu% + (I)guf + <I>3u§’ =0, éltui + (I)gtuf =+ <I>3tu3 =0,

Byppuy + Poggu? + Payul = —(Py®j)u?,

where

Ps®; = (37 + Q107 + Q20, + Q3)%;.

17



In view of

¢
Oy =D,751, P3=D,73,, Z31= / P31(s) ds, P31 =Po1739,
T

(see (2.9) — (2.9”)) we obtain

1 2 3 2 3 3 j
u; + Zg’l’u,t + Z3,1ut =0, uj+ Zg,gut =0, @1(132’1(133’21615 = —P3<I>ju3,

that is (3.15), where

Kjg = —(91Py1P32) P,

K; = (Z212Z32 — Z3,1)K}37 Kf = —Z3,2Kj3- (2.117)

The proof of (2.11) in general case can be proved in similar way. From (3.15),

by integration in t € [0, 7] we obtain a system of integrodifferential equations
u®(t,y) / N (1,y)dr, s=1,...,m. (3.16)
Assuming 371 (t)K; € I°, see (2.12), we obtain the estimates
IK5llp < eBs(@llv]lp,  s,5=1,.... (3.17)
From (3.16), (3.17) we get
t m _
lu*(@®lp < [1Csllp +C/0 Bs(1) Y 1w (1)l dr- (3.18)
j=1
Summation over s yields
m m t m
Y@l < D NG, +0/0 B(r Z | (7)]],, dr, (3.19)
s=1 s=1 j=1

where

=38t
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Applying Gronwall inequality to (3.19), we find

imwp < gjlucsnexp ( / "8(r) dT) . (3.20)

Again applying (3.16), in view of (3.20), we get

[us—Cyllp < ¢ /0 t (m(ﬂ exp /0 ' cﬁ(Z)dZ> dr < /O t (ﬁ(ﬂ exp /0 ' cﬂ(z)d2> dr,

or, by integration

t
= Clly < [—1+exp(c/ ﬁ(y)dy)], s=1..m  (321)
0

Denoting
eilt,y) =u(ty) = Cily), j=1,....m, (3:22)

from (3.21) we get the relations (2.13), (2.13). The existence of a solution of
the equation (2.1) can be proved applying the iterations to (3.16). The proof of

Theorem 2.1 is complete.

§4. PROOFS OF THEOREM 2.2 AND PROPOSITIONS
Proof of Theorem 2.2 Under the assumptions of Theorem 2.2, from Theorem

2.1 we have the representations (2.13), (2.13’) and the relations

m—1
pr(0F@1) T 0Fu = pi(Crter)+ D pun(0F®1) 71 0F ®;(Cite;), k=0,1,...,m—1.
j=2
(4.1)
Using the condition (2.25), we get the estimates (2.27). From the equation (2.1)

we have

m—1
k
a:nu = - E Qm—kat U,
k=0
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and

m—1

@070 = — 3 i ® Qe (OFP )pi pn (0F @) MO (4.2)
k=0

In view of (2.25), (2.26), we get the estimates (2.28):

m—1 m—1 m
M ® 07 ully < 37 e (@) 0 ullerse < D2 DN s v
k=0 k=0 j=1

Theorem 2.2 is proved.

Proposition 2.1 is a direct corollary of Theorem 2.1. Another proof can be
found in [8].

Proof of Proposition 2.2 From (2.36) — (2.38) follows that linear integral

operators @1, ®5 are solutions of the Cauchy problems
0®;+A;j®; =0, t€]0,T[, z€R",
P|,_. =1, j=1.2 (4.3)
From (2.36), (2.37) we obtain
@yt — @1 @7 = Ay — A = 2iQ%,
A=A =2(Q7'Q0)° — Q7' Qu +iQ7[Q:, QO
PO; = ®jy + Q*'®; = (A — Ajy + Q)5 = {2(Q7' Q1)
—Q7'QuEiQ7Q, QY2 = {(Q7Hu iQTQ, Q}QP;, j=1,2. (4.4)
These relations transform the conditions (2.16) of Remark 2.2 to
B2 QTH(Q e £iQ 7 Q,QiQP, € I, s=1,2.

They are satisfied in view of the conditions (2.41) of Proposition 2.2. From the

conditions (2.39), (2.40) of Proposition 2.2 follow the conditions (2.14), (2.15) of
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Remark 2.2 (Q1 = 0,Q2 = Q*). The operator ®; € I’ modulo smooth operator
(see Theorem 3.3), since ®; satisfies the first order pseudodifferential equation
®y; = —A1 Py, where the symbol Ay of A; satisfies the conditions (3.1), (3.2).
Similarly, ®5; € I°, modulo smooth operator, because ®; satisfies the first
order pseudodifferential equation (2.17). So the conditions of Proposition 2.2
imply all conditions of Remark 2.2. Proposition 2.2 is a consequence of Theorem
2.1 and Remark 2.2.

Proof of Proposition 2.3 Let us prove that the conditions of Propositions 2.3
imply the conditions (2.29), (2.30) of Proposition 2.1. Because ®;; = —A;®;,

the condition (2.29); become
@ Poy = @7 AT A ®y € I7, with 7 = 0.

This relation follows from the condition A1_1A2 € \Ilg, which is the consequence

of (2.42) and of
(IQ*+Q7'Q) ' (-IQ*+Q7'Q) = I+ Q°Q) ' (i + Q°Qy) € V).

The condition (2.29); with do = 2, u = p* follows from (2.39): puQ* € ¥,

implies p°Q* = (uQ%)* € U7, and
He®7 ' Qa®1 = 12 1Q"®1 € W) C I

The condition (2.30) is satisfied, because of @)1 = 0. Thus the conditions of

Proposition 2.1 are satisfied with po = p2(t),r = 0,50 = 2, 41 = 1. In view of
b7t — Pyt = Ay — Ay = —20Q%,  wp — 0@ uy = ug + Aju,  (4.5)

initial data (2.32) transform to (2.43). From the estimates (2.33) of Proposition

2.1 we get (2.44). So Proposition 2.3 follows from Proposition 2.1.
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Lemma 4.1 Let the conditions (2.39), (2.49) are satisfied. Then the solu-

tions w of the equations
dw~+Ajw=0, t€]0,T] (4.6)

satisfy the estimates

t

1Q()w ()], exp ( /| ) dy) < QYT s < 1Q(Eyw(t)]s exp ( [ dy) |
(4.7)

Proof The conditions (2.39), (2.40) imply that
p(1)Q% — ()] e ¥y,
By substitution v = Qw, 7 = 7(t) = f; p(y) dy} in (4.6), we obtain

v £iQ%v =0, or v, £iuQ?* =0,

and

oy +iopQ*v =0, vi, +ivQ%v = 0.
We get

O |[v]* + i(v, nQ%v) £ i(pQ*v,v) = 0,
or

O-|[vl[* = £i(vu(Q* — Q**)o).
The assumption (2.49) implies | 9 ||v||? |< c||v||?, or, letting v — Esv = (1+ |

D, |?)*/?v, we have
10:1[v]ls] < cllolls  or — edr < [[v][Td][v]]s < edr.
By integration over 7 € [7,0],7 < 0 we get
_C/OdT <In ICIQIE < c/OdT7
r [lv(™)Ils r
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[lo(7)lls exp(er) < [[v(0)|]s < [[o(7)]]s exp(—eT),

T

[0(8)]ls expie /T = (w)dy < (o)l < (@)l expie / i (y)dy.

Because v = Qw, we obtain the estimate (4.7).
Proof of Proposition 2.4 First we prove the estimates (2.48). From Lemma

4.1 we obtain

197 u(®)l]s = [lu(D)lls = [1QTHT)QT)u(T)]]s 2 |Q(T)u(T) 5172 =

t

> QT u(t)][s—r 2 exple /T 1 (y) dy} > p () exple /T 0 (w)} dy}lu(t)].,

therefore, in view of (2.44) we get (2.48) for k = 0:

t 2
p1/4(t){exp{C/T p~H )} dydlu®)l]s < lleT u)]ls < CZ 1C71]s-

Furthermore

up1/4(t){exp{C/T pH () dylu@lls < pll @7 ue(@®)lls < CZ NC3lls-

Because ;1 = p~ /2, we obtain (2.48) for k = 1. The proof of (2.48) is completed

by the observation

. 2
w AOespte [ a7 W)} il <2197 w Ol < 3G
=1

To prove Proposition 2.4 we show, that the conditions of Proposition 2.3 fol-
low from the assumptions of Proposition 2.4. Putting j = 0 in (2.47) we get
p~14Q € W'/2; this implies u@Q? = (p~/4(1)Q)* € W', that is, (2.39); with
p = p~Y2(t). Putting j = 1 in (2.47), we get from (2.46) p'/*Q~' € ¥~1/2

p;'p¥/4Q, € WL/2; this implies

p2Q71Q, = p 3 (04 Q ) (py P4 Qy) € WO
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(in view of the inequality (2.45) | p~3/2p; |< ¢), that is (2.39). From (2.46),
(2.47) with p = p=°/?p? € L1([0,T)), (see (2.45)), we obtain the condition (2.41)

as follows
p1Q73Q: QIQ = (p*Q7)3p; *p*[Qr, Ql(p~ Q) € T°,

p2(0Q7HQ 7@ = p ' ()Q?2(Q7Q)* — Q7' Qu) =
= (@P'Q T REV'Q TP p Q) — (0 QTP p P Qu) € 1O,
since
Q@ MHuQ=2Q7'Q) — Q@ 'Qu.

In view of (2.45), the condition (2.42) follows from the inclusion
QQi = 'Q )’ ' p ' Qupip ™ € TN

Proposition 2.4 is proved.

To prove the Remark 2.6, we note, that in view of (2.48), (2.39), we can put
in (4.7) p = 1. Therefore the weight function exp{c th p(y)} dy tends to a
constant, as t tends to 0 and (2.50) follows from the estimates (4.7) of Lemma

4.1.
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