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Experimental realization of a target-accepting quantum search by NMR
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With a three-bit nuclear magnetic resonance quantum computer, we have experimentally realized a quantum
search algorithm that can take a desired function vétueargej t as its input and give the corresponding
function argumenk, such thatf (x,) =t as a result. The function value is not retrieved from an existing table,
but evaluated by the search algorithm in the manner of a typical algorithmic search. A single-query version of
the quantum search algorithm is used to search for one of two function arguments.
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Nuclear magnetic resonan¢MR) has been applied to Since quantum computation works in a reversible way, a
the experimental realization of a quantum computer givingsearch operatio accepting a target is described by
successful resultgl]. Among these experiments, the imple-
mentationg 2—4] of Grover’s search algorithif5] have at- SI0)[t)r=Ixo[t)T, (1)

tracted attention because this algorithm has practical impORivhere the subscripts and T denote the index and target
tance in the sense that many difficult problems in practicqqiiers respectively. The initial state of the index register is
can be reduced to search problems. This algorithm assumeg; vy for convenience, and the transformation rule is not
an “oracle” or a black box that recognizes whether a givengpecified for the other cases where the initial state ig@jot
item is what we want to find. The complexity or execution The conventional description of Grover’s algorithm takes
time of an oracle is assumed to be a “unit” computational oy the index state as input. It uses two operators to enhance
step, which is mathematically convenient for the analysis othe probability amplitude of anarked statéxo), , which is
algorithmic complexity. However, if the quantum oracle is the index state corresponding to a given target. The first op-
much more complex to realize in practice than a classicagrator is the selective phase inversion opergttnat inverts
oracle, the overall complexity of the quantum algorithmthe sign of only the marked state, i.e.,

might be greater than that of the classical one. Therefore, all

of the elements of a quantum algorithm, including the oracle, LX) ==x) (2

should be explicitly implemented when one demonstrates the h the sian | i hdx) =t and i h
power of quantum algorithms in practice. where the sign is negative whéi) =t and positive other-

In previous experimental demonstratiofd-4] of the wise. The second operator is the inversion about average

uantum search algorithm, the oracle was implemented b %peratorD= —E+2P, whereE is a unity matrix andp;,
gxed hase-shift gte Wh,iCh ives a fixed aF;]swer for e):(-: LN (N is the number of total indicgsThis operator in-
P it gate, ng . ' ““verts the amplitudes of all basis states about the mean. Re-
ample, the third out of four items. In this work, we experi-

I lized h . ) peated applications of the Grover opera®rDI, on an
mentally realized a quantum search acceptingrgetas its o5y weighted superposition make the probability ampli-
input, using a three-bit NMR quantum computer. The oracl

: oY _ Sude of the marked state close to unity af@¢y/N) cycles.
is explicitly implemented in such a way that we can choose To implement a quantum search working for an arbitrary

the target for which we want to find the argument, contraryiarget, we used a quantum circuit forthat inverts the phase
to the p.rewous_works whgre the target is fixed. 'I_'h|s kind ofyf 5 statgx), if and only if f (x) =t for a given functiorf and
search is very important in problems where the inverse of & (argett [6]. Sincet is not fixed but arbitrary, the essential
given function is unknown or hard to solve. For this PUrPOSenart of the circuit is the comparison bivith f(x). For com-

additional registers are used to represent the function valug,ison, the function is evaluated first in a reversible way by
and target, and an appropriate quantum circuit was imples

: : an evaluation operatdd; such that

mented, as is well knowf6]. We have employed the single-
query version 7] of the quantum search algorithm. U [0)e= X0 £(X))e, (3)

A general search problem is finding, such thatF(x)
=1 for a given functiorF:{0,1}"—{0,1}, andF is evaluated where the subscrip€ represents @ontentregister, which
by an oracle. In the context of the quantum search, the oraclstores the function values.
O is equivalently defined a®|x)=(—1)"™|x). However, If a database, a table of the indices and contents, is given
this is the most abstract form and it is important to explicitly for the search, thebl; is just an addressing scheme retriev-
implement the oracle when realizing a specific search probing data from the table. Since it is not clear yet how to build
lem. The detailed structure of the oracle would differ foran efficient quantum addressing schefi®, we consider
each case of interest, and here we consider the case wheré@re amalgorithmicsearcH6,9] in which the function values
target is given, i.e., the problem is to find amex % such  are not retrieved from such a table but rather are evaluated
that f(x) =t for a given functionf:{0,1}"—{0,3™ and an by the program code itself. Searching for the extremum of a
m-bit targett, which is given arbitrarily. given function is an example.
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FIG. 1. The quantum network of the extended selective phase FiG. 2. The whole quantum network for one-bit binary func-
inversion operatot, for the target-accepting search. tions.

Having the quantum circuit fod; means that we neither |yiion or all solution for which any version of Grover’s al-
already know the answer nor assume fixed solutions, as ifsrithm fails to work. The original version also fails for the
the previous experiments. Althoudh; has all the informa- 556 of two items because the inversion about average op-
tion about the function value, the answer is obtained Onlyaration does not enhance the probability amplitude of the
after execution of a search. For example, one can write farked state but just exchanges those of the two states.

program code evaluating some error function, but having th‘However, Chi and Kim’s single-query versidif] can be
code, which has all the information about the function, doe%mployed in this case. It usés, andD ,; such that

not mean that it is known which index gives the smallest
error. It is still necessary to search for the smallest among the Ity|x>l =e'"|x),, 8)
evaluated values.

Once the function has been evaluated, the next step is # x is the marked state and does nothing otherwise, and
compare the contents with the target, via an oper&or D,=E+(e'#~1)P. If the number of the marked statesis
which inverts the sign of the content register if it matches then the range oN/4<m=N, then only a single application of
target, that is, Iy, followed by D, gives the answer withB=y= cos (1

—N/2m). Therefore, this algorithm is applicable to our case
CH O cthr==fC0)clt)r, (4) wherer%:NIZ. Although thg quantum s%%rch does not show

where the sign is negative fdi(x)=t and positive other- better performa}nce than thg classical one for the casa of
wise. The execution ofCU; will produce unwanted en- —1:N=2, our implementation can be directly extended for
tanglement between the index and content registers, which~2 cases where this quantum algorithm clearly exhibits

must be undone vibl; * for the algorithm not to fail. There- superior perfor_mance. :
fore, I, is realized by[6] The evaluation operators fd; andf, are given by

l,=U;'cu;. (5) 1 0 0 O 0 1 0O
Thus, th ti f th t ircuit for the extenided U 0100 d U ! 00
us, the operation of the quantum circuit for the exteride = an = ,
on the whoIF:a register readqs oo 01 27100 10
0 010 0 0 01
Lx)1[0)cltyr= = [x)[0)c|t) T, (6) 9)
as illustrated in Flg 1. The fOIIOWing implementation of respective|y. Sincet is rep|aced bylty in the Sing|e_query
completes the circuit. Assume thex) andt arem-bit bi-  yersion,C is also replaced by, defined by
nary numbers, and consider anzbit operatorB=B;®B,
®---®B,, whereB; is a two-bit operator such that Cylf(x)>c|t>T:e')’|f(x)>c|t>_|_, (10)
Bil ') c[t)r=[f")c|f'@t)r, (7)  if f(x)=t and does nothing otherwise. For the=2 and
) ) : : ) ) m=1 case, bothB and y are 7/2, and
in which f' andt' are theith bits of the content and target
registers, respectively. This operator writes 1 on the target C,=diagde'™,1,1g'™],
register if its inputs are the same, and O otherwise. The ex-
ecution ofB makes all the bits of the target register 1 only if elmh  _gimla
the content and target are exactly the same. The result of the Ds= i |- (11
comparison can be read using an+ 1)-bit Toffoli gate T —e e

that takes the target register as control bits and writes the

output on an ancillary bit. When the ancilla is prepared in the! "€ Whole quantum network is shown in Fig. 2. A Hadamard

state (0>_|1>)/\/§' the Toffoli gate will invert the sign of operatorH is use_d to prepare the initial superposition, and
the state only if all the bits of the target register are 1. There!n® targelt state is prepared [i8) or |1) depending on the
fore, C can be implemented bg =B~ !TB, whereB ! is tar?et value. . he NMR Hamiltonian of H
added to restore the original target valuénto the target In a rotating frame, the amiltonian of our three-
register. spin system is given by

We considered two one-bit functionfs(x)={0,1} and

3 3
fo(x)={1,0} for x={0,1}. The remaining two functions H= Awl .+ 3211 12
f5(x)={0,0} andf,(x)={1,1} belong to the cases of no so- Z “iliz Z’; iz 12
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TABLE |. The preparation sequences and corresponding devia- =
tion density operators transformed from the thermal equilibrium 5 34 192

state.J{; () is equal tal;; ()1 (7), which is simpler to implement er
in our refocusing scheme. §

St
Sequence Density operator %’

No operation 1.+ 15,413, ﬁ ' 6_:,0 ' 5,;5
lix(— mw12)d15(— 7l2)1 1 (7/2) 20,0 5,— 15+ 13, Frequency (kHz)

| (712) 3 m12)1 1, (7/2)
Lax () o (— 712) I35 7/2)1 5 (77/2)
|y (12) 35 12) I 12)) 5 (712)

21 1,05,+15,—1
ez T2z 82 FIG. 3. The reference spectrum of the spin 1 assigned as the

index register. The frequency is relative to the resonance frequency
75.475 23 MHz.

=1 1zt 2| ZZI 3z l 3z
=1 1z 41 1zI 22' 3z |3z

were about 54.06 Hz, 34.86 Hz, and1.30 Hz, respec-
tively. The system was handled in the “triply rotating”
frame, in which Aw;=0, i.e., each spin experiences no
chemical shifts. Since it was necessary to adjust the phase of
each rf pulse controlled in the laboratory frame, the reference
3;(6) =exd —1621,),,], wherea is X, y, or z. If we let the phf?ses of tne rotating fr_ames were continuously Fraced by
spins 1, 2, and 3 represent the index, content, and targ pftware, w ich coped with a S|_ngle reference oscillator for
registers, respectively, then all the operators in Fig. 2 ar € ca_rbon channel. The operatltq_rg(a) was performed by
expressed as adjusting the reference phase without any actual rf pulses.
The operators;,,(7/2) andliy () were implemented by
the spin-selective UBURP and REBURP pul§&3], respec-
tively, which were about 2 ms in length. During the pulses,
there were shifts in the reference phases due to the transient
Bloch-Siegert effecf14]. These shifts were carefully mea-
sured, and the reference phases were adjusted after each
pulse. No hard pulses or multiply selective pulses were used
so as to avoid off-resonan¢&5] and double-resonance two-
spin effects[16]. The coupling operatod;;(#) was imple-
mented with the refocusing scheri&7-19 optimized for
up to the overall phasesl; and Uy, are self-inverse. Note our rotating frame. The experiment took about 16.5 ms in the
that C,, is implemented by a single operator rather than byshortest case and 408.5 ms in the longest, shorter than the
the properly modifiedB and T because such a phase-shift shortest spin-spin relaxation tintd50 mg of spin 2.
gate is preferable to a Toffoli gate for implementation by the Figure 3 shows the reference spectrum of the spin 1,
NMR Hamiltonian. Since the content and target registers arghich was assigned as the index register. The large splitting
one bit eachC, can be reduced to a two-qubit phase-shift
gate. The initial target sta@) is changed t¢1) by applying
I 3x(7) when necessary.

The experiment is performed at room temperature, and
thus the spin states are highly mixed in thermal equilibrium
state. It is therefore required to convert the thermal equilib-
rium state into an effective pure stdtt0—12. The deviation
density operator of the thermal equilibrium state is given
by pn=I1,+12,+13, and that of the pure stat¢000)
=10)1®0)2®[0)3 by pp=11,+ 12,415,421 1,1 5.+ 2l 3l 5,

+ 21 1,1 3,+411,15,153,. pp can be produced by subtracting the
last density operator from the sum of the first four in Table I. . } —-
J

whereAw; andl;, are the chemical shift ankcomponent
angular momentum operator of the spjrrespectively, and
Jij is the coupling constant between the spirendj. This
Hamiltonian with rf pulses applied along theor y axis
provides the elementary operatdrs(6)=exd —16l;,] and

H=11(m)l2y(— 7/2),
Uflzlzy(’]T/Z)l 1Z(_ ’7T/2)|22(_ 7T/2)J12(7T/2)|2y(_ 77/2),
Uf2:|2y(7T/2)| 12(_ ’7T/2)|22(77/2)\]12(’77/2)|2y(_ 7T/2),

C.}/:ng(_ ’77/2), and D'3: | lX(_ 77/2),

[ (2) 1 L (b)

-

Intensity (arbitrary unit)
S

The first column of the table is the optimized preparation s
sequence used to generate each density operator. We have R
performed experiments with each preparation sequence to R
obtain the results expected from the effective pure state.
We used three’3C nuclear spins of 99% carbon-13 la- Frequency (kHz)

beled alanine in BO solvent as qubits. All the experiments £G4, The result spectra of the spin 1. All the spectra were
were conducted on a Bruker DRX300 spectrometer with prograwn on the same scale and obtained without any signal averaging.
ton decoupling. The chemical shifts were measured to behe final state iga) |000) for f; with t=0, (b) |101) for f, with

1 N N 1 L 1
5.95 6.00 595

Aw1/2m~5979 Hz, Aw,/27m~—3476 Hz, and Aw3/2m
~—6072 Hz, and the coupling constardty, J,3, andJ;

t=1, (c) |100 for f, with t=0, and(d) |001) for f, with t=1. The
numbers are the labels of the peaks defined in Fig. 3.
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is due to theJ;, coupling and the small td,3. SinceJ;,  spectively. All the spectra are drawn on the same scale and
>0 andJ,3<0, the peaks labeled 1, 2, 3, and 4 are observedbtained without any signal averaging. The main reasons for
when spins 2 and 3 are in the sta{eg)=|0),®|0)3, |01), the experimental imperfection are considered to be that the
|10), and|11), respectively. Positive absorption peaks repre-spin-selective pulses could not perfectly suppress the off-
sent that spin 1 is in the staf@) and negative peakfl). As  resonance effects, and that the spin-spin couplings were not
can be seen in Ed6), |; leaves the initial state unchanged canceled during the applications of pulses.
except for the sign of the marked state, &htkaves the state In summary, we have experimenta”y imp|emented guan-
of the content and target registers the same. Since the contegin searches with a three-bit NMR quantum computer where
register (spin 2 is prepared in the stat) initially, this  the index, content, and target registers are one bit each. The
means that peaks 3 and 4 are never observed. target is supplied as an input to be compared with the con-
The result of the search with the effective pure statgn and the accompanying index is given as a result. Chi
shown in Fig. 4 was read by applying a Hadamard operatog,q kim's single-query version was used to implement this

on the index register. When the given functionfis and  gearch for one-bit functions. The experimental results clearly
target is 0, the initial state {900y and the final state is also g6\ the answers for given targets.

|000) because the index corresponding to the target value 0
is 0 for f;={0,1}. This result appears as the positive peak 1, The authors acknowledge the use of the spectrometer at
as shown in Fig. @). The spectra in Figs.(8), 4(c), and the Korea Basic Science Institute. This work was supported
4(d) clearly show that the final states dd®1) for f, andt by the NRL program, Electron Spin Science Center, and the
=1, |100 for f, andt=0, and|001) for f, andt=1, re- BK21 project.
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